


Lecture Notes in Economics
and Mathematical Systems

Founding Editors:

M. Beckmann
H.P. Künzi

Managing Editors:

Prof. Dr. G. Fandel
Fachbereich Wirtschaftswissenschaften
Fernuniversität Hagen
Feithstr. 140/AVZ II, 58084 Hagen, Germany

Prof. Dr. W. Trockel
Institut für Mathematische Wirtschaftsforschung (IMW)
Universität Bielefeld
Universitätsstr. 25, 33615 Bielefeld, Germany

Editorial Board:

For further volumes:

H. Dawid, D. Dimitrow, A. Gerber, C-J. Haake, C. Hofmann, T. Pfeiffer,

637

ńR. Slowi  ski, W.H.M. Zijm

http://www.springer.com/series/300



123

Radu Ioan Bot

Conjugate Duality
in Convex Optimization

¸



concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,  broadcasting, 
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication 

 protective laws and regulations and therefore free for general use.

Printed on acid-free paper

The use of general descriptive names, registered names, trademarks, etc. in this publication does not 

or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 

ISSN 0075-8442

1965, in its current version, and permissions for use must always be obtained from Springer. Violat- 

imply, even in the absence of a specific statement, that such names are exempt from the relevant 

ions are liable for prosecution under the German Copyright Law.

Springer is part of Springer Science+Business Media (www.springer.com)

Springer Heidelberg Dordrecht London New York

Cover design: SPi Publisher Services

© Springer-Verlag Berlin Heidelberg 2010

Chemnitz University of Technology

Reichenhainer Str. 39

Germany
radu.bot@mathematik.tu-chemnitz.de

ISBN 978-3-642-04899-9 e-ISBN 978-3-642-04900-2
DOI 1 0.1007/978-3-642-04900-2

Faculty of Mathematics

09126 Chemnitz

Dr.rer.nat.habil. Radu Ioan Bot

Library of Congress Control Number: 2009943057

¸



To my family



Preface

The results presented in this book originate from the last decade research work of
the author in the field of duality theory in convex optimization. The reputation of
duality in the optimization theory comes mainly from the major role that it plays
in formulating necessary and sufficient optimality conditions and, consequently, in
generating different algorithmic approaches for solving mathematical programming
problems. The investigations made in this work prove the importance of the duality
theory beyond these aspects and emphasize its strong connections with different
topics in convex analysis, nonlinear analysis, functional analysis and in the theory
of monotone operators.

The first part of the book brings to the attention of the reader the perturbation
approach as a fundamental tool for developing the so-called conjugate duality the-
ory. The classical Lagrange and Fenchel duality approaches are particular instances
of this general concept. More than that, the generalized interior point regularity
conditions stated in the past for the two mentioned situations turn out to be par-
ticularizations of the ones given in this general setting. In our investigations, the
perturbation approach represents the starting point for deriving new duality concepts
for several classes of convex optimization problems. Moreover, via this approach,
generalized Moreau–Rockafellar formulae are provided and, in connection with
them, a new class of regularity conditions, called closedness-type conditions, for
both stable strong duality and strong duality is introduced. By stable strong duality
we understand the situation in which strong duality still holds whenever perturbing
the objective function of the primal problem with a linear continuous functional.
The closedness-type conditions constitute a class of regularity conditions recently
introduced in the literature. They experience at present an increasing interest in the
optimization community, as they are widely applicable than the generalized interior
point ones, a fact that we also point out in this work.

We employ the conjugate duality in establishing biconjugate formulae for dif-
ferent classes of convex functions and, in the special case of Fenchel duality, we
offer some deep insights into the existing relations between the notions strong and
stable strong duality. Moreover, we enlarge the class of generalized interior point
regularity conditions given for both Fenchel and Lagrange duality approaches by
formulating corresponding sufficient conditions expressed via the quasi-interior and
quasi-relative interior.
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viii Preface

The convex analysis and, especially, the duality theory have surprisingly found
in the last years applications in rediscovering classical results and also in giving new
powerful ones in the field of monotone operators. Among others, we provide a reg-
ularity condition of closedness-type for the maximality of the sum of two maximal
monotone operators in reflexive Banach spaces, which proves to be weaker than all
the other generalized interior point conditions introduced in the literature with the
same purpose.

I express my thanks to Gert Wanka for his incessant support and for giving
me the possibility to do my research in such a nice academic environment like
Chemnitz is offering. Thanks also to Ioana Costantea, Ernö Robert Csetnek, Sorin-
Mihai Grad, Andre Heinrich, Ioan Bogdan Hodrea, Altangerel Lkhamsuren, Nicole
Lorenz, Andreea Moldovan and Emese Tünde Vargyas, former and current mem-
bers of the research group at the university in Chemnitz, with whom I share not only
an intense scientific collaboration but also a nice friendship. I am indebted to Ernö
Robert Csetnek, Anca Grad and Sorin-Mihai Grad for reading preliminary versions
of this work and for their suggestions and remarks.

I am grateful to my parents and to my sister whose encouragement and support I
felt all the time even if they are far away. Finally, I want to thank my wife Nina and
my daughter Cassandra Maria for their love, patience and understanding.

Chemnitz, Germany, Radu Ioan Boţ
August, 2009
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Introduction

The purpose of this work is to present the state of art but also recent advances
and applications in the theory of conjugate duality in the convex analysis and con-
vex optimization and, beyond them, in nonlinear analysis, functional analysis and
the theory of monotone operators. Unless otherwise specified, the content of this
manuscript is represented by the contributions of the author (along with his co-
authors) to this field. The diversity of the topics considered here constitutes an
evidence for the important role which the duality theory plays in the different
areas enumerated above. The work is divided into six chapters with a total of 26
sections.

Chapter I. The first chapter is dedicated to the formulation of conjugate dual
problems by means of a general perturbation approach for different classes of primal
problems which occur in convex programming. Considering a so-called perturba-
tion function ˆ W X � Y ! R, where X and Y are supposed to be separated locally
convex spaces, one can attach to the optimization problem

.PG/ inf
x2X ˆ.x; 0/

the following dual problem

.DG/ sup
y�2Y �

f�ˆ�.0; y�/g;

where ˆ� W X� � Y � ! R is the conjugate function of ˆ, while X� and Y �
are the topological dual spaces of X and Y , respectively. Some facts connected to
this approach, which has been well-described in the monographs due to Ekeland
and Temam [67], Rockafellar [116] and Zălinescu [127] are recalled in the first
section along with some considerations concerning the existence of weak and strong
duality for the primal–dual pair of optimization problems. We call strong duality
the situation when the optimal objective values of the primal and dual coincide
and the dual problem has an optimal solution. In this section, some generalized
interior point regularity conditions expressed via the perturbation function ˆ are
also resumed and in Theorem 1.7 a strong duality result is given by collecting the
corresponding results from [67, 113, 116, 127]. In Section 2 the general approach is

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 0,
c� Springer-Verlag Berlin Heidelberg 2010
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2 Introduction

particularized to the case of the primal optimization problem

.PA/ inf
x2Xff .x/C .g ı A/.x/g;

where f W X ! R and g W Y ! R are proper and convex functions andA W X ! Y

is a linear continuous operator fulfillingA.domf /\dom g ¤ ;. By considering an
appropriate perturbation function one obtains as conjugate dual of .PA/ its Fenchel
dual problem

.DA/ sup
y�2Y �

f�f �.�A�y�/� g�.y�/g:

Generalized interior point regularity conditions and strong duality theorems for this
primal–dual pair and for some particular instances of it are delivered by specializing
the statements provided in the previous section for .PG/–.DG/. In this way, we
rediscover the regularity conditions and the corresponding strong duality assertions
stated by Rockafellar in [112,113], Rodrigues and Simons in [118] and Attouch and
Brézis in [2], respectively. In the next section, similar investigations are made for
the optimization problem with geometric and cone constraints

.PC / inf
x2Af .x/;
A D fx 2 S W g.x/ 2 �C g

with X and Z separated locally convex spaces, where Z is partially ordered by the
nonempty convex cone C � Z, S � X a nonempty convex set, f W X ! R a
proper and convex function and g W X ! Z� D Z [ f1C g a proper and C -convex
function fulfilling domf \ S \ g�1.�C/ ¤ ;. By means of different perturba-
tion functions, we introduce three conjugate dual problems to .PC /, namely the
so-called Lagrange, Fenchel and Fenchel–Lagrange duals, the latter being a com-
bination of the other two. A general scheme illustrating the relations between the
optimal objective values of the three duals is provided (see also [14, 39, 124]). By
considering along the convexity assumptions some topological additional hypothe-
ses for the sets and functions involved, we also state generalized interior point
regularity conditions and strong duality theorems for these three primal–dual pairs.
One of the condition we obtain in this way in connection to Lagrange duality is the
classical Slater constraint qualification, but also a number of regularity conditions
in Fréchet spaces is delivered for each of the three duality schemes treated here. It is
worth noticing that, again with respect to Lagrange duality, some classical regular-
ity conditions are rediscovered as are the ones formulated by Rockafellar in [112]
in Banach spaces or by Jeyakumar and Wolkowicz in [87] for linear programming
problems. In the fourth section we work with the composed convex optimization
primal problem

.PCC / inf
x2Xff .x/C g ı h.x/g:
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Here X and Z are separated locally convex spaces, where Z is partially ordered by
the nonempty convex cone C � Z, f W X ! R is a proper and convex function,
g W Z ! R a proper convex and C -increasing function fulfilling, by convention,
g.1C / D C1 and h W X ! Z� D Z [ f1C g is a proper and C -convex function
such that h.domf \ domh/ \ domg ¤ ;. We use two perturbation functions in
order to formulate corresponding conjugate duals to .PCC /. By particularizing the
results from Section 1, we also give generalized interior point regularity conditions
and strong duality theorems for both primal–dual pairs. One of the dual problems
to .PCC / that we obtain in this way is nothing else than the one considered by
Combari, Laghdir and Thibault in [57]. Some of the regularity conditions we pro-
vide in connection with this duality concept slightly generalizes some conditions
introduced in [57], while for the origins of the other ones we refer to the works of
Zălinescu (cf. [125, 127]).

Chapter II. The main goal of the second chapter is to furnish generalizations of
the celebrated Moreau–Rockafellar theorem from which so-called closedness-type
regularity conditions for the problems treated in Chapter I are derived. In Section 5
we show that in caseˆ W X �Y ! R is a proper, convex and lower semicontinuous
function such that 0 2 PrY .domˆ/, one has for all x� 2 X�

.ˆ.�; 0//�.x�/ D cl!�
�

inf
y�2Y �

ˆ�.�; y�/
�

.x�/;

the lower semicontinuous hull being taken in the weak� topology !.X�; X/ onX�.
This formula, which is a consequence of a result from Precupanu’s paper [110], is
said to be a generalized Moreau–Rockafellar formula. As a consequence of it we
obtain the following characterization expressed by means of epigraphs

epi..ˆ.�; 0//�/ D cl!��R

�

epi

�

inf
y�2Y �

ˆ�.�; y�/
��

D cl!��R
�

PrX��R.epiˆ�/
�

;

the closure being taken in .X�; !.X�; X// � R. This means that the assumption
PrX��R.epiˆ�/ is closed in .X�; !.X�; X// � R is a necessary and sufficient
condition, called closedness-type regularity condition, for having

.ˆ.�; 0//�.x�/ D min
y�2Y �

ˆ�.x�; y�/ 8x� 2 X�:

This situation is known in the literature under the name stable strong duality. Con-
sequently, the above closedness-type condition turns out to be sufficient for having
strong duality for .PG/ and .DG/. In Theorem 5.5 we state that the generalized
interior point regularity conditions formulated in Section 1 for the primal–dual pair
.PG/–.DG/ are sufficient for stable strong duality, too, and, at the same time,
that they imply the mentioned closedness-type regularity condition. Closedness-
type conditions have been first introduced for the optimization problem minimizing
the sum of two functions and its Fenchel dual problem by Burachik and Jeyakumar
in [46–48]. For the optimization problem with geometric and cone constraints and its
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Lagrange dual closedness-type conditions have been first considered by Jeyakumar,
Dinh and Lee in [84] and Jeyakumar, Song, Dinh and Lee in [86]. These consid-
erations are made for problems stated in Banach spaces and partially under quite
strong topological assumptions for the functions involved. Under the pioneering
works on closedness-type regularity conditions for different classes of optimization
problems and corresponding conjugate duals, we mention here also the papers of
Boţ and Wanka [39, 40] and Boţ, Grad and Wanka [24, 29]. In this book, we work
in a more general setting and show how the closedness-type conditions from the
mentioned literature relate to the ones we derive from the general ones when deal-
ing with the corresponding particular instances of the general optimization problem
.PG/. But first, we provide in Section 6 by means of the perturbation functions
considered in Section 4 in the context of the composed convex optimization prob-
lem .PCC / generalized Moreau–Rockafellar results and from here closedness-type
regularity conditions for both dual problems introduced there. To this aim, we con-
sider the supplementary assumptions that f and g are lower semicontinuous and
h is star C -lower semicontinuous. Example 6.5 presents a situation where the gen-
eralized interior point conditions are not fulfilled unlike the closedness-type ones.
These achievements are based on investigations due to Boţ, Grad and Wanka from
[27]. By employing Theorems 6.6 and 6.11, one can deduce that the closedness-
type regularity conditions turn out to be necessary and sufficient for corresponding
"-subdifferential sum formulae, fact which was pointed out in [33]. Similar asser-
tions can be obtained by using the perturbation functions considered in Sections 2
and 3, but we derive them in the forthcoming sections as particular instances of the
composed convex case. More precisely, in Section 7 we deliver Moreau–Rockafellar
formulae for f C g ı A, where f; g and A are considered as in the definition of
.PA/, this time by taking in the composed convex setting Z D Y , C D f0g and
h W X ! Y , h.x/ D Ax; x 2 X . In this way we rediscover some results of Boţ
and Wanka published in [40]. We further consider three particular instances, one of
them when X D Y and A is the identity on X . In this case we obtain the classical
Moreau–Rockafellar Formula .f Cg/� D cl!� .f ��g�/ while the closedness-type
condition becomes: epif � C epig� is closed in .X�; !.X�; X// � R. The latter is
proved to be necessary and sufficient for having

.f C g/�.x�/ D min
y�2Y �

ff �.x� � y�/C g�.y�/g 8x� 2 X�

or, equivalently,

@".f C g/.x/ D
[

"1;"2�0
"1C"2D"

.@"1
f .x/C @"2

g.x// 8" � 0 8x 2 X:

This equivalence was first pointed out by Burachik and Jeyakumar in [47] in
Banach spaces and follows as a particular instance of the general scheme. In Sec-
tion 8, we turn our attention to the problem with geometric and cone constraints
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and provide generalized Moreau–Rockafellar formulae for the conjugate of f C
ıfy2S Wg.y/2�C g along with corresponding regularity conditions of closedness-type

for .PC / and its Lagrange, Fenchel and Fenchel–Lagrange dual problems. By these
particularizations, the statements given in Section 6 become the ones from [24] con-
cerning regularity conditions and the ones from [33] concerning their connections
to subdifferential formulae, respectively. We also study the relations among the con-
sidered closedness-type conditions and show by some examples that they are weaker
than the corresponding generalized interior point ones. The last section of the chap-
ter, Section 9, introduces the notion of closedness regarding a set. For U and V two
subsets of a separated locally convex space X we say that U is closed regarding the
set V if U \ V D U \ cl.V /. Under the hypotheses assumed for ˆ in Section 5,
when U � X� is a nonempty subset one has

.ˆ.�; 0//�.x�/ D min
y�2Y �

ˆ�.x�; y�/ 8x� 2 U

if and only if PrX��R.epiˆ�/ is closed regarding the set U �R in .X�; !.X�; X//�
R. Introducing such a notion turns out to have a positive effect on the characteriza-
tion of stable strong duality, especially in the case when the perturbation function
ˆ fails to be lower semicontinuous. As a consequence, one can provide closedness-
type regularity conditions for .PCC / and its two duals also in case when h is (only)
C -epi closed, as it has been noticed by Boţ, Grad and Wanka in [29]. The statements
we give in this setting substantially improve the ones stated by Combari, Laghdir
and Thibault in [58]. On the other hand, we provide a necessary and sufficient con-
dition for having an exact formula for the conjugate of the infimal value function
of a convex function through a convex process. We notice that generalized interior
point conditions guaranteeing this formula can be found in [127, Theorem 2.8.6].

Chapter III. Working in real normed spaces, we deal in this chapter with for-
mulae for the biconjugates of different convex functions on X . In Theorem 10.3,
the main result of Section 10, we show that if X and Y are normed spaces and
ˆ W X � Y ! R is a proper, convex and lower semicontinuous function such
that 0 2 PrY .domˆ/, then .ˆ.�; 0//�� D ˆ��.�; 0/ if and only if the lower semi-
continuous hulls of infy�2Y � ˆ�.�; y�/ in the weak� and strong topologies of X�
coincide. In Theorem 10.4 sufficient conditions, which guarantee this equality, are
given (see also [21]). In the next section, these achievements are applied to the
different classes of convex functions considered in the previous chapters and cor-
responding formulae for their biconjugates are given. In this way, we rediscover
and partially extend some results given by Zălinescu in [129]. In Section 12 the
supremum of an (infinite) family of proper, convex and lower semicontinuous func-
tions ft W X ! R; t 2 T , is considered. For the conjugate of this supremum
Moreau–Rockafellar-type formulae along with different characterizations of its epi-
graph are provided. We extend the investigations to the biconjugate of the supremum
and close the section with Theorem 12.6, where we formulate sufficient weak
conditions for having .supt2T ft /�� D supt2T f ��

t . The case T D 2 is treated
separately in Section 13. There we give also a refined formula for the conjugate
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of the supremum of two functions and show that the equality above is true under
the classical Attouch–Brézis regularity condition. With this result, we propose an
alternative proof of a statement which is due to Fitzpatrick and Simons (see [71]).

Chapter IV. In this chapter, we weaken the closedness-type regularity condi-
tions and obtain a further class of conditions which does not necessarily ensure
stable strong duality, but are still sufficient for strong duality. We make this in Sec-
tion 14 for the primal–dual pair .PG/–.DG/, as well as for the composed convex
optimization problem .PCC / and its conjugate duals formulated in Section 4, by
assuming for the latter that h is star C -lower semicontinuous. For similar inves-
tigations made in case h is C -epi closed we refer the reader to [29]. In the next
section we particularize these regularity conditions to the case of the primal–dual
pair .PA/–.DA/ and to further special instances of it. Example 15.3, which has
been first considered in [40], presents a situation where this new condition is ful-
filled unlike the closedness-type one stated in Section 7. A converse duality theorem
for .PA/–.DA/ is also formulated and proved. The approach we consider is based
on a fruitful idea used by Bauschke in [4] and later by Ng and Song in [102]. Regu-
larity conditions, weaker than the closedness-type ones, for .PC / and its Lagrange
and Fenchel–Lagrange duals are considered in Section 16 (see also [24, 39]). By
a suitable example, we show that there exist situations where the first ones are
fulfilled while the latter fail. A comparison of the new regularity conditions with
similar sufficient conditions for Lagrange duality stated by Jeyakumar and its co-
authors in [84, 86] is also made. As a particular case we rediscover the so-called
Farkas–Minkowski condition for a system of (infinitely many) convex inequalities,
which comes from the literature dealing with semi-infinite programming problems
(see, for instance, [64, 74, 75]). In the lines of the investigations made by Boţ, Grad
and Wanka in [30,31], in Section 17 we continue treating the primal problem .PC /

and its Lagrange and Fenchel–Lagrange duals and consider the situation called total
duality. This is the situation when strong duality holds and the primal problem has
an optimal solution, too. We characterize it via some formulae expressed by using
the subdifferentials of the functions involved, which we call generalized Basic Con-
straint Qualifications (gBCQ), as they can be seen as extensions of the classical
Basic Constraint Qualifications .BCQ/. For the original formulation of the latter
we refer to the book of Hiriart-Urruty and Lemaréchal [79]. When the cone con-
straints in the formulation of the primal problem are replaced by (infinitely many)
inequality constraints .gBCQ/ becomes the so-called locally Farkas–Minkowski
condition, which also occurs in a considerable number of investigations on infinite
and semi-infinite programming problems (see for instance [64, 65, 69, 74]).

Chapter V. The fifth chapter of this work, where we offer some deeper insights
into Fenchel duality, is divided into two parts. In the first part we deal with so-called
totally Fenchel unstable functions, while in the second part regularity conditions
expressed via the quasi interior and quasi-relative interior are addressed. If X is a
separated locally convex space and f; g W X ! R are two arbitrary proper functions,
we say that the pair f; g is totally Fenchel unstable if f and g satisfy Fenchel
duality but
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y�; z� 2 X� and .f C g/�.y� C z�/ D f �.y�/C g�.z�/ implies y� C z� D 0:

This notion has been recently introduced by Stephen Simons in [120]. In Section 18
we deliver some characterizations of this situation and discuss an example of such
a pair of functions given in [120]. Corollary 18.9 gives an answer to Problem 11.5
posed by Simons in [120] in the context of this example. To this end we appeal to
the notion of a weak�-extreme point of a set, which appears in different results hav-
ing their origins in the geometric functional analysis. An alternative solution for this
problem by using a minmax theorem is also provided and is based on the investi-
gations done by Boţ and Csetnek in [16]. Further, in Section 19, we give a negative
answer to Problem 11.6 in [120] and prove actually that there is no pair of proper
and convex totally Fenchel unstable functions if X is a nonzero finite dimensional
space. In the second part of Chapter V, our goal is to deliver generalized interior
point regularity conditions for both Fenchel and Lagrange duality formulated via the
quasi interior and quasi-relative interior, the latter being considered first by Borwein
and Lewis in [11]. In Section 20 these two notions are introduced and character-
ized. Separation results for convex sets under some conditions expressed via these
two generalized interior notions are proved. They extend some similar statements
proven in [59, 60]. An important role in the following investigations is played by
a separation result of the same type stated by Cammaroto and Di Bella in [54].
Theorem 21.5, which is the main result of Section 21, furnishes the announced suf-
ficient conditions for Fenchel duality. This theorem is followed by other theorems
and corollaries which fulfill the same task. In Example 21.10 we present a problem
for which the classical generalized interior point conditions are not verified, but the
strong duality theorems given in this section are applicable. These investigations are
based on the work of Boţ, Csetnek and Wanka in [20]. In the next section, we extend
the investigations to the optimization problem with geometric and cone constraints
.PC / and its Lagrange dual. Corresponding regularity conditions and strong dual-
ity theorems are derived from the ones obtained in Section 20 by using an approach
due to Magnanti (cf. [95]). The strong duality theorems stated here improve and
correct some results recently given in the literature (see, for instance, [54, 59, 60]).
For more details on this topic, we refer to the investigations due to Boţ, Csetnek and
Moldovan in [17].

Chapter VI. The last chapter is dedicated to the applications of the conju-
gate duality in the field of monotone operators. Some preliminary notions and
results are introduced in Section 23 along with the notions of Fitzpatrick function
and representative function associated to a monotone operator. Through these two
objects, which have been considered first by Fitzpatrick (see [70]), one can con-
nect the theory of monotone operators to results coming from the convex analysis.
Neglected for many years until re-popularized in [7, 8, 52, 98, 104–106, 121], they
have given rise to a great number of publications which rediscovered and extended
the important results of the theory of monotone operators by using tools from the
convex analysis. In the next section we consider X and Y reflexive Banach spaces,
S W X ⇒ X�, T W Y ⇒ Y � maximal monotone operators with representative func-
tions hS W X � X� ! R and hT W Y � Y � ! R, respectively, and A W X ! Y
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a linear continuous operator such that A.PrX .domhS // \ PrX .domhT / ¤ ;. We
give a closedness-type regularity condition, called .RC SCA�TA/, (see also [18,23])
expressed by means of the conjugate functions of hS and hT which ensures that
SCA�TA is a maximal monotone operator. We prove that .RC SCA�TA/ is implied
by the generalized interior point regularity conditions stated in the literature which
fulfill this task, too, as are the ones given by Pennanen in [103] and Penot and
Zălinescu in [108]. The maximal monotonicity of A�TA and, in case X D Y and A
is the identity onX , of SCT is considered as a particular case in Section 25. In both
situations, we give examples of maximal monotone operators for which the general-
ized interior point conditions, as are in the second particular instance the ones due to
Rockafellar (see [115]), Borwein (see [7]), Penot (see [105]), Chu (see [56]), Penna-
nen (see [103]), Penot and Zălinescu (see [108,128]), fail while the closedness-type
conditions are verified. Two open problems regarding this topic are formulated. In
Section 26, we deal with enlargements of monotone operators defined by means of
corresponding representative functions in general Banach spaces, a notion inspired
by the "-subdifferential of a proper, convex and lower semicontinuous function and
which is due to Burachik and Svaiter (see [51,53]). More precisely, in the same lines
of the investigations made by Boţ and Csetnek in [15] we give a so-called bivari-
ate infimal convolution formula which turns out to be necessary and sufficient for
having a sum formula for enlargements of maximal monotone operators. As a spe-
cial case, we rediscover the equivalence between the condition that epif � C epig�
is closed in .X�; !.X�; X// � R and the fulfillment of the "-subdifferential sum
formula obtained in Section 7 when f; g W X ! R are proper, convex and lower
semicontinuous functions with domf \ domg ¤ ;.



Chapter I
Perturbation Functions and Dual Problems

1 A General Approach for Duality

The starting point of our investigations is a general approach for constructing a dual
optimization problem to a primal one based on the theory of conjugate functions.
Consider X a separated locally convex spaceand F W X ! R D R [ f˙1g a
given function. We assume that F is proper, namely that F.x/ > �1 for all x 2 X
and its domain domF D fx 2 X W F.x/ < C1g is nonempty. To the general
optimization problem, called also primal problem,

.PG/ inf
x2X F.x/

one can assign a conjugate dual problem by making use of the so-called pertur-
bation approach. To this end, we consider Y another separated locally convex
space and the function ˆ W X � Y ! R, called perturbation function, fulfilling
ˆ.x; 0/ D F.x/ for all x 2 X . The initial problem .PG/ is nothing else than

.PG/ inf
x2X ˆ.x; 0/:

LetX� and Y � be the topological dual spaces of the space of the primal variablesX
and the space of the perturbation variables Y , respectively. Assume in the following
that both dual spaces are endowed with the weak� topology, denoted by !.X�; X/
and !.Y �; Y /, respectively. We denote by h�; �i the duality product in X� � X , i.e.
for x� 2 X and x 2 X we have hx�; xi WD x�.x/. Having a function f W X ! R,
f � W X� ! R defined by f �.x�/ D supx2Xfhx�; xi�f .x/g will be the conjugate
function of f . For the function f and its conjugate f � the so-called Young–Fenchel
inequality is always fulfilled: f �.x�/Cf .x/ � hx�; xi for all x 2 X and x� 2 X�.

A conjugate dual problem to .PG/ can be formulated as being

.DG/ sup
y�2Y �

f�ˆ�.0; y�/g;

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 1,
c� Springer-Verlag Berlin Heidelberg 2010
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where ˆ� W X� � Y � ! R is the conjugate function of ˆ. Further, we denote by
v.PG/ and v.DG/ the optimal objective values of the problems .PG/ and .DG/,
respectively. The next result shows that weak duality, namely the fact that the opti-
mal objective value of the primal problem is always greater than or equal to the
optimal objective value of the dual problem, is a consequence of the way in which
the latter problem is defined.

Theorem 1.1. It holds

�1 � v.DG/ � v.PG/ � C1:

Proof. For all x 2 X and all y� 2 Y �, by the Young–Fenchel inequality, we have

ˆ.x; 0/Cˆ�.0; y�/ � h0; xi C hy�; 0i D 0 , ˆ.x; 0/ � �ˆ�.0; y�/;

which implies that v.PG/ � v.DG/. �

Next, we characterize the existence of strong duality, namely of the situation
when v.PG/ D v.DG/ and the dual has an optimal solution. To this end, we con-
sider the infimal value function of ˆ, h W Y ! R defined by h.y/ D inffˆ.x; y/ W
x 2 Xg. One can notice that v.PG/ D h.0/. As follows from the next result, the
optimal objective value of .DG/ can be expressed by using the biconjugate of h.
This is defined as h�� D .h�/�.

Proposition 1.2. It holds v.DG/ D h��.0/.

Proof. For all y� 2 Y � there is

h�.y�/ D sup
y2Y

fhy�; yi � h.y/g D sup
x2X
y2Y

fhy�; yi �ˆ.x; y/g D ˆ�.0; y�/: (1.1)

Thus
h��.0/ D sup

y�2Y �

f�h�.y�/g D sup
y�2Y �

f�ˆ�.0; y�/g D v.DG/:

�

Since h��.x/ � h.x/ for all x 2 X , one has that h��.0/ � h.0/, which is nothing
else than the relation that states the existence of weak duality, i.e. v.DG/ � v.PG/.

Considering a function f W X ! R, we say that f is convex if for all x; y 2 X
and all � 2 Œ0; 1� it holds f .�xC .1��/y/ � �f .x/C .1� �/f .y/, whenever the
following conventions are considered: .C1/C .�1/ D .�1/C .C1/ D C1,
0.C1/ D C1 and 0.�1/ D 0. The epigraph of the function f is the set epif D
f.x; r/ 2 X�R W f .x/ � rg and we have that f is convex if and only if its epigraph
is a convex set. In this situation dom f is a convex set, too. Having U � X a given
set, we denote by int.U / and cl.U / the topological interior and closure of the set
U , respectively. The indicator function of U is ıU W X ! R,
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ıU .x/ D
�

0; if x 2 U;
C1; otherwise:

Its conjugate function is the support function of U , �U W X� ! R, �U .x�/ D
supu2U hx�; ui. Further, we denote by f �

U W X� ! R, f �
U .x

�/ D supx2U fhx�; xi �
f .x/g D .f C ıU /

�.x�/ the conjugate of f with respect to the set U . According
to the conventions made above, we treat 0f as being equal to ıdomf . The lower
semicontinuous hull of the function f is the function cl f W X ! R, the epigraph
of which is equal to cl.epi f /. By the Fenchel–Moreau Theorem (see, for instance,
[127, Theorem 2.3.4]) one has that whenever f W X ! R is a convex function such
that cl f is proper, then f �� D clf . We also want to notice that cl f is proper if
and only if f � is proper.

Definition 1.3. We say that the problem .PG/ is normal if h.0/ 2 R and h is lower
semicontinuous at 0.

The next result provides a characterization of the normality of .PG/.

Theorem 1.4 (cf. [67]). Assume that ˆ W X � Y ! R is a proper and convex
function. Then the following statements are equivalent:

(i) The problem .PG/ is normal.
(ii) It holds v.PG/ D v.DG/ and this value is finite.

Proof. (i) ) (ii) We notice first that

h��.y/ � clh.y/ � h.y/ 8y 2 Y: (1.2)

Since ˆ is convex, h is also convex and this implies that clh is convex, too. The
problem .PG/ being normal, it follows that cl h.0/ D h.0/ 2 R. Since clh is
a convex and lower semicontinuous function, we have that cl h.y/ > �1 for all
y 2 Y (see, for instance, [127, Proposition 2.2.5]). This guarantees the properness
of cl h. Taking into consideration that the conjugate of a function is equal to the
conjugate of its lower semicontinuous hull, by the Fenchel–Moreau Theorem, we
obtain cl h D .cl h/�� D ..cl h/�/� D .h�/� D h�� and so h��.0/ D clh.0/ D
h.0/ 2 R. Since v.PG/ D h.0/ and v.DG/ D h��.0/, .i i/ is true.

(ii) ) (i) The statement .i i/ can be equivalently written as h��.0/ D h.0/ 2 R.
Then, by (1.2), we get that clh.0/ D h.0/ 2 R, which means that .PG/ is normal.

�

In order to be able to characterize the strong duality for .PG/ and .DG/ we need
to introduce some further elements from convex analysis. Consider f W X ! R a
given function and " � 0. If x 2 X is such that f .x/ 2 R, the "-subdifferential of
f at x is the set @"f .x/ D fx� 2 X� W f .y/ � f .x/ � hx�; y � xi � " 8y 2 Xg.
Otherwise, we set @"f .x/ WD ;. We denote by @f .x/ WD @0f .x/ the subdiffer-
ential of f at x. If @f .x/ ¤ ;, then f is said to be subdifferentiable at x. The
"-subdifferential of the indicator function of a nonempty set U � X at x 2 U ,
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N "
U .x/ WD @".ıU /.x/ D fx� 2 X� W hx�; y � xi � " 8y 2 U g, is called

the "-normal set of the set U at x. The normal cone of the set U at x 2 U is
NU .x/ WD N 0

U .x/.
The elements x� 2 @f .x/ are called subgradients of f . One can easily verify

that for all " � 0

x� 2 @"f .x/ , f �.x�/C f .x/ � hx�; xi C "; (1.3)

which has as consequence that

x� 2 @f .x/ , f �.x�/C f .x/ D hx�; xi: (1.4)

By means of the "-subdifferential one can characterize the "-optimal solutions of
the problem .PG/. For " � 0 we call Nx 2 domF an "-optimal solution for .PG/
if F. Nx/ � " � F.x/ for all x 2 X , which is the same with saying that 0 2 @"F. Nx/.
For " D 0 we get that Nx 2 domF is an optimal solution for .PG/ if and only if
0 2 @F. Nx/.
Definition 1.5. We say that the problem .PG/ is stable if h.0/ 2 R and h is
subdifferentiable at 0.

Theorem 1.6 (cf. [67]). Assume that ˆ W X � Y ! R is a proper and convex
function. Then the following statements are equivalent:

(i) The problem .PG/ is stable.
(ii) The primal problem .PG/ is normal and the dual .DG/ has an optimal

solution. In this situation the set of optimal solutions of .DG/ is equal to @h.0/.

Proof. (i) ) (ii) Assume that h.0/ 2 R and @h.0/ ¤ ;. Thus h.0/ D h��.0/
(cf. [127, Theorem 2.4.1]), which is nothing else than v.PG/ D v.DG/ 2 R. By
Theorem 1.4 follows that .PG/ is normal. Further, consider an element Ny� 2 @h.0/.
We have h.0/ C h�. Ny�/ D 0 or, equivalently, v.PG/ D h.0/ D �h�. Ny�/ D
�ˆ�.0; Ny�/ and, by Theorem 1.1, it follows that Ny� is an optimal solution for .DG/.

(ii) ) (i) Assume that .PG/ is normal and the dual .DG/ has an optimal solu-
tion Ny� 2 Y �. Thus h.0/ D v.PG/ D v.DG/ D �ˆ�.0; Ny�/ D �h�. Ny�/ 2 R,
which is the same with h.0/C h�. Ny�/ D 0 , Ny� 2 @h.0/. Since the set @h.0/ is
nonempty, the stability of .PG/ is guaranteed. �

As we have seen above, the stability completely characterizes the existence of
strong duality for a given convex optimization problem and its conjugate dual.
Therefore, one of the main issues in the optimization theory is to formulate suffi-
cient conditions, called regularity conditions, which ensure that the primal problem
is stable. We formulate in the following some so-called generalized interior point
regularity conditions by using the perturbation function ˆ which we considered
in this section. To this end we need to introduce some extensions of the classical
interior of a set.
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Having U a subset of X , we denote by lin.U /, aff.U /, co.U /, cone.U / and
coneco.U / its linear hull, affine hull, convex hull, conic hull and convex conic
hull, respectively. The algebraic interior of U is the set core.U / D fu 2 U W
8x 2 X; 9ı > 0 such that 8� 2 Œ0; ı� W u C �x 2 U g, while the intrinsic
core of U is the set (cf. [77]) icr.U / D fu 2 U W 8x 2 aff.U � U /; 9ı >
0 such that 8� 2 Œ0; ı� W u C �x 2 U g. When U � X is a convex set, then
u 2 core.U / , cone.U � u/ D X , while u 2 icr.U / , cone.U � u/ is a linear
subspace. One has that int.U / � core.U / � icr.U /. In case U is convex and one
of the following conditions is fulfilled: int.U / ¤ ;; X is Banach and U is closed;
X is finite dimensional, then int.U / D core.U / (cf. [116]). For a convex set with
empty interior and nonempty algebraic interior we refer to [13, Exercise 4.1.9]. Fur-
ther, by maintaining the convexity assumption for U one can consider the strong
quasi-relative interior of this set, denoted by sqri.U /, as being the set of those
u 2 U for which cone.U � u/ is a closed linear subspace (cf. [10,11]). We have that
core.U / � sqri.U / � icr.U / and due to [76] it holds u 2 sqri.U / if and only if
u 2 icr.U / and aff.U � u/ is a closed linear subspace. Assuming additionally that
X is finite dimensional, it yields icr.U / D sqri.U / D ri.U /, where by ri.U / we
denote the relative interior of the set U . This is the set of the interior points of U
relative to the affine hull of U .

Assume in the following that the perturbation function ˆ W X � Y ! R is
proper and convex such that 0 2 PrY .domˆ/. Here PrY W X � Y ! Y , defined by
PrY .x; y/ D y; .x; y/ 2 X �Y , is the projection operator on Y . The first regularity
condition which we state here is formulated in the general setting where X and Y
are separated locally convex spaces (cf. [67]):

.RCˆ1 / 9x0 2 X such that .x0; 0/ 2 domˆ and ˆ.x0; �/ is continuous at 0.

For the forthcoming regularity conditions we assume that X and Y are Fréchet
spaces (cf. [116, 126, 127]):

.RCˆ2 / X and Y are Fréchet spaces, ˆ is lower semicontinuous and
0 2 sqri.PrY .domˆ//.

The regularity condition .RCˆ2 / has been introduced as the weakest one in a suc-
cession of regularity conditions involving different generalized interior notions (cf.
[116]):

.RCˆ20 / X and Y are Fréchet spaces, ˆ is lower semicontinuous and
0 2 core.PrY .domˆ//,

respectively,

.RCˆ
200/ X and Y are Fréchet spaces, ˆ is lower semicontinuous and

0 2 int.PrY .domˆ//.

Regarding the last two conditions, we want to make the following comment. In
case ˆ is convex and lower semicontinuous its infimal value function h W Y !
R, h.y/ D infx2X ˆ.x; y/, is convex but not necessarily lower semicontinu-
ous, fulfilling domh D PrY .domˆ/. Nevertheless, when X and Y are Fréchet
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spaces, by [127, Proposition 2.2.18] the function h is li-convex. Using [127, The-
orem 2.2.20] it follows that core.domh/ D int.domh/, which has as consequence
the equivalence of the regularity conditions .RCˆ20 / and .RCˆ200/. Thus, .RCˆ200/ ,
.RCˆ20 / ) .RCˆ2 /, all these conditions being implied by .RCˆ1 / when X and
Y are Fréchet spaces and ˆ is lower semicontinuous. One should notice that the
relation 0 2 sqri.PrY .domˆ// in .RCˆ2 / can be replaced by the equivalent formu-
lation 0 2 icr.PrY .domˆ// and aff.PrY .domˆ// is a closed linear subspace (cf.
[76, Proposition 3.4]). The following generalized interior point regularity condition
is of interest especially when dealing with convex optimization problems in finite
dimensional spaces (cf. [113, 127]):

.RCˆ3 / dim.lin.PrY .domˆ/// < C1 and 0 2 ri.PrY .domˆ//.

By collecting the corresponding results from [67, 113, 116, 127] one can state the
following strong duality theorem for the primal–dual pair .PG/ � .DG/.
Theorem 1.7. Let ˆ W X � Y ! R be a proper and convex function such that
0 2 PrY .domˆ/. If one of the regularity conditions .RCˆi /, i 2 f1; 2; 3g, is fulfilled,
then v.PG/ D v.DG/ and the dual has an optimal solution.

Remark 1.8. One should notice that in the result above if one of the regularity con-
ditions .RCˆi /, i 2 f1; 2; 20; 200; 3g, is satisfied, then the feasibility assumption
0 2 PrY .domˆ/ is automatically fulfilled. The same applies for the strong duality
theorems that we state in the forthcoming sections for different particular instances
of the general primal–dual pair .PG/–.DG/. Nevertheless, we opted for imposing
the feasibility assumption when formulating the primal problem in order to avoid
dealing with degenerate optimization problems.

2 The Problem Having the Composition with a Linear
Continuous Operator in the Objective Function

By using the general approach described in the previous section we develop a conju-
gate duality theory and provide corresponding generalized interior point regularity
conditions for the following optimization problem

.PA/ inf
x2Xff .x/C .g ı A/.x/g

and some particular instances of it. Here X and Y are separated locally convex
spaces, A W X ! Y is a linear continuous operator and f W X ! R and g W Y ! R

are proper functions fulfilling A.domf / \ domg ¤ ;. Consider as perturbation
function to .PA/ ˆA W X �Y ! R, ˆA.x; y/ D f .x/Cg.AxCy/, where y 2 Y
is the perturbation variable. Denote by A� W Y � ! X� the adjoint operator of A
defined by hA�y�; xi D hy�; Axi for all .x; y�/ 2 X �Y �. The conjugate function
of ˆA, .ˆA/� W X� � Y � ! R, has for all .x�; y�/ 2 X� � Y � the following
formulation
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.ˆA/�.x�; y�/ D sup
x2X
y2Y

fhx�; xi C hy�; yi � f .x/ � g.Ax C y/g D sup
x2X
r2Y

fhx�; xi

Chy�; r �Axi � f .x/ � g.r/g D sup
x2X
r2Y

fhx� �A�y�; xi C hy�; ri � f .x/ � g.r/g

D f �.x� � A�y�/C g�.y�/: (2.1)

The conjugate dual of .PA/ obtained by means of the perturbation function ˆA

looks like
.DA/ sup

y�2Y �

f�f �.�A�y�/ � g�.y�/g

and can be seen as a Fenchel-type dual problem to .PA/. By the weak duality
theorem Theorem 1.1 follows v.DA/ � v.PA/.

Assuming additionally that f and g are convex functions, it follows that ˆA

is proper and convex, too, and the feasibility condition guarantees that 0 2 PrY
.domˆA/ D fy 2 Y W 9x 2 domf such that y 2 domg � Axg D domg �
A.domf /. Thus the regularity condition .RCˆ1 / can be equivalently written as

.RCA1 / 9x0 2 domf \A�1.domg/ such that g is continuous at Ax0.

When V � Y is a given set, denote A�1.V / D fx 2 X W Ax 2 V g. In Fréchet
spaces one can deduce from the general case the following regularity conditions for
the pair .PA/–.DA/

.RCA2 / X and Y are Fréchet spaces, f and g are lower semicontinuous
and 0 2 sqri.domg � A.domf //

along with its stronger versions

.RCA20 / X and Y are Fréchet spaces, f and g are lower semicontinuous
and 0 2 core.domg �A.domf //

and

.RCA
200/ X and Y are Fréchet spaces, f and g are lower semicontinuous

and 0 2 int.domg �A.domf //,

which are in fact equivalent.
Rockafellar considered .RCA20 / in [112], while Rodrigues dealt with .RCA2 / in

[117] (see also the paper of Rodrigues and Simons [118]). Gowda and Teboulle have
given in [76] an equivalent formulation for .RCA2 / by means of the intrinsic core.
In the finite dimensional setting one can use the following regularity condition

.RCA3 / dim.lin.domg � A.domf /// < C1 and
ri.domg/ \ ri.A.domf /// ¤ ;,

which becomes in case X D R
n and Y D R

m

.RCA
f in

/ 9x0 2 ri.domf / such that Ax0 2 ri.domg/.
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This is the classical regularity condition for this primal–dual pair in finite dimen-
sional spaces and has been stated by Rockafellar in [113, Corollary 31.2.1].

We have the following strong duality theorem (see also [127]).

Theorem 2.1. Let f W X ! R and g W Y ! R be proper and convex functions and
A W X ! Y be a linear continuous operator such that A.domf / \ domg ¤ ;.
If one of the regularity conditions .RCAi /, i 2 f1; 2; 3g, is fulfilled, then v.PA/ D
v.DA/ and the dual has an optimal solution.

By taking X D Y and A D idX , the identity operator on X , the primal problem
becomes

.P id/ inf
x2Xff .x/C g.x/g;

while the perturbation function ˆid W X � X ! R is defined by ˆid.x; y/ D
f .x/C g.x C y/. Its conjugate is given by the following formula

.ˆid/�.x�; y�/ D f �.x� � y�/C g�.y�/ 8.x�; y�/ 2 X� �X� (2.2)

and the conjugate dual of .P id/ looks like

.Did/ sup
y�2X�

f�f �.�y�/� g�.y�/g;

which is actually the classical Fenchel dual problem to .P id/. The existence of weak
duality for .P id/ and .Did/ follows from Theorem 1.1, too.

By particularizing the regularity conditions enunciated for the pair .PA/–.DA/,
they become

.RC id
1 / 9x0 2 domf \ domg such that g (or f ) is continuous at x0,

in case X is a Fréchet space

.RC id
2 / X is a Fréchet space, f and g are lower semicontinuous

and 0 2 sqri.domg � domf /

along with its stronger versions

.RC id
20 / X is a Fréchet space, f and g are lower semicontinuous

and 0 2 core.domg � domf /

and

.RC id
200/ X is a Fréchet space, f and g are lower semicontinuous

and 0 2 int.domg � domf /,

which are in fact equivalent.
The regularity condition .RC id

2 / was introduced by Attouch and Brézis in [2] in
case X is a Banach space and bears their names. In the finite dimensional case one
can consider

.RC id
3 / dim.lin.domg � domf // < C1 and ri.domg/ \ ri.domf / ¤ ;,
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which becomes when X D R
n

.RC id
f in

/ ri.domf /\ ri.domg/ ¤ ;,

in fact, the classical regularity condition considered by Rockafellar in [113, The-
orem 31.1] (see also [12]) for proving the Fenchel Duality Theorem in finite
dimensional spaces. One should notice that whenever f is polyhedral in the formu-
lation of the regularity condition one can replace ri.domf / by domf . The same
applies if g is polyhedral.

Theorem 2.2. Let f; g W X ! R be proper and convex functions such that domf \
domg ¤ ;. If one of the regularity conditions .RC id

i /, i 2 f1; 2; 3g, is fulfilled, then
v.P id/ D v.Did/ and the dual has an optimal solution.

We come now to a second special case of .PA/, namely the one when f .x/ D 0

for all x 2 X . This leads to the primal problem

.PAg / inf
x2X.g ı A/.x/

and to the perturbation functionˆAg W X � Y ! R, ˆAg .x; y/ D g.Ax C y/. The
conjugate of ˆAg , .ˆAg /� W X� � Y � ! R, is, for all .x�; y�/ 2 X� � Y �, given
by

.ˆAg /�.x�; y�/ D f �.x� �A�y�/Cg�.y�/ D
�

g�.y�/; if x� D A�y�;
C1; otherwise

(2.3)

and it provides the following dual problem to .PAg /

.DAg / sup
y�2Y �

A�y�D0

f�g�.y�/g:

By Theorem 1.1 it holds v.DAg / � v.PAg /.
Denoting by R.A/ WD fAx W x 2 Xg the range of the operator A, the regularity

conditions stated for .PA/ give rise to the following formulations

.RC
Ag

1 / 9x0 2 A�1.domg/ such that g is continuous at Ax0,
in case X and Y are Fréchet spaces

.RC
Ag

2 / X and Y are Fréchet spaces, g is lower semicontinuous
and 0 2 sqri.domg � R.A//

along with its stronger versions

.RC
Ag

20 / X and Y are Fréchet spaces, g is lower semicontinuous
and 0 2 core.domg � R.A//
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and

.RC
Ag

200 / X and Y are Fréchet spaces, g is lower semicontinuous
and 0 2 int.domg � R.A//,

which are in fact equivalent, while in the finite dimensional setting one has

.RC
Ag

3 / dim.lin.domg �R.A/// < C1 and ri.domg/ \ R.A/ ¤ ;.

Theorem 2.3. Let g W Y ! R be a proper and convex function and A W X ! Y be
a linear continuous operator such that R.A/ \ domg ¤ ;. If one of the regularity
conditions .RC

Ag

i /, i 2 f1; 2; 3g, is fulfilled, then v.PAg / D v.DAg / and the dual
has an optimal solution.

The next pair of primal–dual problems, which we consider here, will be intro-
duced as a special instance of .PAg /–.DAg /. For m � 2 let fi W X ! R; i D
1; : : : ; m; be proper functions such that

Tm
iD1 domfi ¤ ; and take Y D Xm WD

X�: : :�X , g W Xm ! R, g.x1; : : : ; xm/ D Pm
iD1 fi .xi / andA W X ! Xm; Ax D

.x; : : : ; x/. For this choice, the primal optimization problem .PAg / looks like

.P†/ inf
x2X

(

m
X

iD1
fi .x/

)

:

Since for all .x1�; : : : ; xm�/ 2 X� � : : : � X� D .X�/m, g�.x1�; : : : ; xm�/ D
Pm
iD1 f �

i .x
i�/ and A�.x1�; : : : ; xm�/ D Pm

iD1 xi�, the dual .DAg / turns out to be

.D†/ sup
xi�2X�;iD1;:::;m;

m
P

iD1

xi�D0

(

�
m
X

iD1
f �
i .x

i�/
)

:

For the primal–dual pair .P†/–.D†/ weak duality holds automatically.
As domg D Qm

iD1 domfi and A�1.domg/ D Tm
iD1 domfi , the regularity

condition .RCAg

1 / is nothing else than

.RC†1 / 9x0 2
m
T

iD1
domfi such that fi is continuous at x0; i D 1; : : : ; m.

For this special choice of g and A, one has R.A/ D f.x; : : : ; x/ W x 2 Xg, a set
which we denote by �Xm . Thus .RCAg

i /, i 2 f2; 20; 200; 3g, lead to the following
regularity conditions (if X is a Fréchet space, then Xm is also a Fréchet space):

.RC†2 / X is a Fréchet space, fi is lower semicontinuous, i D 1; : : : ; m,

and 0 2 sqri

�

m
Q

iD1
domfi ��Xm

�
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along with its stronger versions

.RC†20 / X is a Fréchet space, fi is lower semicontinuous, i D 1; : : : ; m,

and 0 2 core

�

m
Q

iD1
domfi ��Xm

�

and

.RC†200/ X is a Fréchet space, fi is lower semicontinuous, i D 1; : : : ; m,

and 0 2 int

�

m
Q

iD1
domfi ��Xm

�

,

which are in fact equivalent, while in the finite dimensional case we have

.RC
Ag

3 / dim
�

lin
�

m
Q

iD1
domfi ��Xm

��

< C1 and
m
T

iD1
ri.domfi / ¤ ;.

The strong duality theorem for the .P†/ and its conjugate dual problem .D†/

follows.

Theorem 2.4. Let fi W X ! R; i D 1; : : : ; m, be proper and convex functions such
that

Tm
iD1 domfi ¤ ;. If one of the regularity conditions .RC†i /, i 2 f1; 2; 3g, is

fulfilled, then v.P†/ D v.D†/ and the dual has an optimal solution.

Remark 2.5. The primal–dual pair .P†/–.D†/ can be also seen as a particular
instance of .PA/–.DA/ by dealing with one of the functions that appear in the
sum separately from the others. Working in this way, one would obtain the same
dual problem to .P†/, but different regularity conditions. By doing so, one can
easily observe that instead of .RC†1 / it is enough to assume that there exists
x0 2 Tm

iD1 domfi such that m � 1 functions fi are continuous at x0. Regarding
the regularity conditions .RC†i /, i 2 f1; 2; 20; 200; 3g, it is worth mentioning that in
casem D 2 they coincide with the regularity conditions .RC id

i /, i 2 f1; 2; 20; 200; 3g,
respectively, stated for the primal–dual pair .P id/–.Did/.

3 The Problem with Geometric and Cone Constraints

By considering different perturbation functions, we assign in this section to an
optimization problem with geometric and cone constrains three dual problems and
establish the relations between their optimal objective values. We also provide gen-
eralized interior point regularity conditions which turn out to be sufficient for having
strong duality in all three situations.

ConsiderX and Z separated locally convex spaces, where Z is partially ordered
by the nonempty convex cone C , i.e. on Z there is a partial order �C defined by
z �C y , y � z 2 C for y; z 2 Z. We recall that C � Z is a cone if for all � � 0

and all c 2 C one has �c 2 C . Throughout this book we assume, as follows by
the definition, that the considered cones always contain the origin. To Z we attach
a greatest element with respect to �C , which does not belong to Z and is denoted
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by 1C . LetZ� D Z [ f1C g. Then for any z 2 Z� one has z �C 1C and one can
consider onZ� the following operations: z C 1C D 1C C z D 1C , t1C D 1C

for all t � 0 and hz�;1C i D C1 for all z� 2 C � WD f� 2 Z� W h�; ci � 0 8c 2
C g. The set C � is said to be the dual cone of C .

Some of the notions that exist for functions with extended real values may be
given for functions having their ranges in infinite dimensional spaces. For a function
g W X ! Z� we call domain of g the set domg D fx 2 X W g.x/ 2 Zg and we
say that g is proper when domg ¤ ;. The function g is said to be C -convex if for
all x; y 2 X and all � 2 Œ0; 1�, g.�x C .1 � �/y/ �C �g.x/C .1 � �/g.y/. The
C -epigraph of g is the set defined by epiC g D f.x; z/ 2 X �Z W z 2 g.x/C C g.
Also in this setting one has that g is C -convex if and only if epiC g is a convex set.
For z� 2 C � we denote by .z�g/ W X ! R the function defined by .z�g/.x/ D
hz�; g.x/i. Obviously, for all z� 2 C �, dom.z�g/ D domg.

The primal problem which we investigate in this section is

.PC / inf
x2Af .x/;
A D fx 2 S W g.x/ 2 �C g

where S � X is a given nonempty set and f W X ! R and g W X ! Z� are proper
functions fulfilling domf \ S \ g�1.�C/ ¤ ;. Here we denote by g�1.�C/ the
set fx 2 X W g.x/ 2 �C g.

For the beginning, we takeZ as the space of the perturbation variables and define
ˆCL W X �Z ! R,

ˆCL.x; z/ D
�

f .x/; if x 2 S; g.x/ 2 z � C;

C1; otherwise:

The conjugate function of ˆCL has for all .x�; z�/ 2 X� �Z� the following form

.ˆCL/�.x�; z�/ D sup
x2S;z2Z
g.x/�z2�C

fhx�; xi C hz�; zi � f .x/g D sup
s2�C

fh�z�; sig

C sup
x2S

fhx�; xi C hz�; g.x/i � f .x/g D
�

.f C ..�z�/g//�S .x�/; if z� 2 �C �;
C1; otherwise:

(3.1)
The dual problem of .PC / which we obtain by means of the perturbation function
ˆCL is

.DCL/ sup
z�2C�

˚�.f C .z�g//�S .0/
�

;

or, equivalently,
.DCL/ sup

z�2C�

inf
x2Sff .x/C .z�g/.x/g;

which is nothing else than the classical Lagrange dual problem to .PC /. By
Theorem 1.1, we automatically have that v.DCL/ � v.PC /.
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The second perturbation function we consider for .PC / is ˆCF W X �X ! R,

ˆCF .x; y/ D
(

f .x C y/; if x 2 S; g.x/ 2 �C;
C1; otherwise;

with X being the space of the perturbation variables. As ˆCF .x; y/ D f .xC y/C
ıA.x/ for all .x; y/ 2 X �X , its conjugate follows from (2.2), i.e.

.ˆCF /�.x�; y�/ D f �.y�/C �A.x� � y�/ 8.x�; y�/ 2 X� �X� (3.2)

and this leads to the following conjugate dual problem to .PC /

.DCF / sup
y�2X�

f�f �.y�/� �A.�y�/g:

Since the primal problem .PC / can be written as

.PC / inf
x2X ff .x/C ıA.x/g ;

.DCF / can be seen as the Fenchel dual problem to .PC /. Also in this case weak
duality holds, i.e. v.DCF / � v.PC /.

For constructing the third conjugate dual problem to .PC /, we perturb both the
argument of its objective function and the cone constraints. We take X � Z as the
space of perturbation variables and defineˆCFL W X �X �Z ! R by

ˆCFL.x; y; z/ D
(

f .x C y/; if x 2 S; g.x/ 2 z � C;
C1; otherwise:

For all .x�; y�; z�/ 2 X� �X� �Z� the conjugate function of ˆCFL looks like

.ˆCFL/�.x�; y�; z�/ D sup
x2S;y2X;z2Z
g.x/�z2�C

fhx�; xi C hy�; yi C hz�; zi � f .x C y/g

D sup
x2S

fhx� � y�; xi C hz�; g.x/ig C sup
r2X

fhy�; ri � f .r/g C sup
s2�C

fh�z�; sig

D
(

f �.y�/C ..�z�/g/�S .x
� � y�/; if z� 2 �C �;

C1; otherwise;
(3.3)

and it furnishes the following dual problem to .PC /

.DCFL/ sup
y�2X�;z�2C�

˚�f �.y�/ � .z�g/�S .�y�/
�

:
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We call .DCFL/ the Fenchel–Lagrange dual problem to .PC /, since it can be seen
as a combination of the classical Fenchel and Lagrange duals. By the weak duality
theorem we have v.DCFL/ � v.PC /.

The three dual problems constructed above for .PC / have been introduced and
investigated for problems in finite dimensional spaces in [124] and for problems in
infinite dimensional spaces in [39].

Remark 3.1. The name Fenchel–Lagrange for the dual problem .DCFL/ can be
motivated by the fact that in the definition of ˆCFL both the cone constraints
(like for .DCL/) and the argument of the objective function (like for .DCF /) are
perturbed. Another motivation for this name is given below.

The Lagrange dual problem of .PC / can be formulated as being

.DCL/ sup
z�2C�

inf
x2Xff .x/C ..z�g/C ıS /.x/g:

For every z� 2 C � the Fenchel dual of the infimum problem in the objective function
of the problem above looks like (cf. Section 2)

sup
y�2X�

˚�f �.y�/� .z�g/�S .�y�/
�

:

By replacing in the objective function of .DCL/ the infimum problem by its
Fenchel dual, one gets exactly the Fenchel–Lagrange dual of .PC /. Weak duality
is automatically ensured.

Consider now the Fenchel dual problem of .PC / formulated as being

.DCF / sup
y�2X�

f�f �.y�/C inf
x2Ahy�; xig:

For every y� 2 X� the Lagrange dual of the infimum problem which appears in the
objective function of .DCF / is

sup
z�2C�

inf
x2S fhy�; xi C .z�g/.x/g D sup

z�2C�

˚�.z�g/�S .�y�/
�

:

By replacing in the objective function of .DCF / the infimum problem by its
Lagrange dual, what we get is again the Fenchel–Lagrange dual of .PC /. Weak
duality is also in this situation automatically ensured. Consequently, .DCFL/ can be
seen as a combination of the Fenchel and Lagrange dual problems of .PC /.

The following result offers an image of the relations which exist between the
optimal objective values of .DCL/, .DCF / and .DCFL/.

Proposition 3.2. It holds:

(i) v.DCFL/ � v.DCL/;
(ii) v.DCFL/ � v.DCF /.
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Proof. (i) Let z� 2 C � be fixed. Since

sup
y�2X�

˚�f �.y�/ � .z�g/�S .�y�/
�

is the Fenchel dual of the problem

inf
x2Xff .x/C ..z�g/C ıS /.x/g;

by Theorem 1.1, it follows that

sup
y�2X�

˚�f �.y�/� .z�g/�S .�y�/
� � inf

x2Xff .x/C ..z�g/C ıS /.x/g:

Taking the supremum over z� 2 C � in both sides of the equality above, the relation
v.DCFL/ � v.DCL/ follows automatically.

(ii) Let y� 2 X� be fixed. Since

sup
z�2C�

˚�.z�g/�S .�y�/
�

is the Lagrange dual problem of

inf
x2Ahy�; xi;

using again Theorem 1.1 it yields

�f �.y�/C sup
z�2C�

˚�.z�g/�S .�y�/
� � �f �.y�/C inf

x2Ahy�; xi:

Taking the supremum over y� 2 X� in both sides of the inequality above, we obtain
v.DCFL/ � v.DCF /. �

Combining Proposition 3.2 with the fact that weak duality holds for .PC / and
the three conjugate duals, one obtains the following scheme (see also [14, 39, 124])

v.DCFL/ � v.DCL/

v.DCF /
� v.PC /: (3.4)

The reader is referred to [124] for examples which show that in general the inequali-
ties in (3.4) can be strict and that between v.DCL/ and v.DCF / no ordering relation
can be established (see also [36, 37]).

Starting from the generalized interior point regularity conditions given in Sec-
tion 1, we deduce, in the following, corresponding regularity conditions and formu-
late corresponding strong duality results for .PC / and the three duals treated above.
To this end, we additionally assume that S � X is a convex set, f W X ! R is a
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convex function and g W X ! Z� is a C -convex function. Under these hypotheses,
the three perturbation functions are proper and convex and 0 is an element in the
projection of their domains on the space of the perturbation variables.

At the beginning we deal with the Lagrange dual problem .DCL/. The regularity
condition .RCˆ1 / states in this particular case that there exists x0 2 domf \ S \
g�1.�C/ such that the function z 7! f .x0/ C ıS .x

0/ C ıg.x0/CC .z/ is continuous
at 0, which is the same with saying that there exists x0 2 domf \ S \ g�1.�C/
such that 0 2 int.g.x0/C C/ or, equivalently, with asking that

.RC
CL

1 / 9x0 2 domf \ S such that g.x0/ 2 � int.C /.

This is nothing else than the classical Slater constraint qualification.
Before coming to the other regularity conditions, we give an overview on the

notions that can be found in the literature for extensions of the lower semicontinuity
from real-valued to vector-valued functions. We start with the notion of C -lower
semicontinuity which has been introduced by Penot and Théra in [107] and then
refined in [1, 57]. The function g W X ! Z� is said to be C -lower semicontinuous
at x 2 X if for any neighborhoodV of 0 and any b 2 Y satisfying b �C g.x/, there
exists a neighborhoodU of x inX such that g.U / � bCV CC [f1C g. If g is C -
lower semicontinuous at all x 2 X , then we say that g is C -lower semicontinuous.
Very close to this notion, Combari, Laghdir and Thibault introduced in [57] the
notion of a C -sequentially lower semicontinuous function, which coincides with
the C -lower semicontinuity when X and Z are metric spaces.

We mainly deal in this work with other two extensions of the lower semicontinu-
ity, namely the star C -lower semicontinuity and the C -epi closedness. According to
[86], we say that g W X ! Z� is star C -lower semicontinuous at x 2 X if for all
z� 2 C � .z�g/ is lower semicontinuous at x. The function g is said to be star C -
lower semicontinuous if it is star C -lower semicontinuous at all x 2 X . The notion
of a C -epi closed function was introduced by Luc in [94]. We call g C -epi closed if
its C -epigraph epiC g is a closed set. By [94, Theorem 5.9] follows that every star
C -lower semicontinuous function is C -epi closed. One can easily observe that when
Z D R and C D RC the notions C -lower semicontinuity, and C -epi closedness
coincide, as they collapse in this case into the classical lower semicontinuity.

An example of aC -epi closed function which is not star C -lower semicontinuous
was given in [107, Example 1.2]. Nevertheless, this function fails to be C -convex.
The function in the example below is both C -convex and C -epi closed, but not star
C -lower semicontinuous.

Example 3.3. Consider the function

g W R ! .R2/� D R
2 [ f1

R
2
C

g; g.x/ D
(

. 1
x
; x/; if x > 0;

1
R

2
C

; otherwise.
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It is easy to verify that g is R
2C-convex and R

2C-epi-closed, but not star R
2C-lower

semicontinuous. For instance, for z� D .0; 1/T 2 R
2C one has

..0; 1/Tg/.x/ D
�

x; if x > 0;
C1; otherwise,

which fails to be lower semicontinuous.

We come now to the class of regularity conditions which assume that X and Z
are Fréchet spaces. One has PrZ.domˆCL/ D g.domf \ S \ domg/C C and in
order to guarantee the lower semicontinuity forˆCL it is enough to assume that S is
closed, f is lower semicontinuous and g is C -epi closed. Under these assumptions,
the epigraph of the perturbation function

epiˆCL D f.x; z; r/ 2 X �Z � R W .x; r/ 2 epi f g \ .S �Z � R/\ .epiC g � R/

is a closed set. These lead to the following regularity condition

.RC
CL

2 / X and Z are Fréchet spaces,S is closed,f is lower semicontinuous,
g is C -epi closed and 0 2 sqri .g.domf \ S \ domg/C C/

along with its stronger versions

.RC
CL

20 / X and Z are Fréchet spaces,S is closed,f is lower semicontinuous,
g is C -epi closed and 0 2 core .g.domf \ S \ domg/C C/

and

.RC
CL

200 / X and Z are Fréchet spaces,S is closed,f is lower semicontinuous,
g is C -epi closed and 0 2 int .g.domf \ S \ domg/C C/,

which are in fact equivalent.
In Banach spaces, the condition .RCCL

20 / has been considered by Rockafellar

in [112], while a particular formulation of .RCCL

2 / has been stated for linear pro-
gramming problems in [87]. Mentioning that in the finite dimensional setting one
can consider the following regularity condition for the pair .PC /–.DCL/

.RC
CL

3 / dim .lin .g.domf \ S \ domg/C C// < C1 and
0 2 ri .g.domf \ S \ domg/C C/,

we are now able to formulate the Lagrange strong duality theorem, which is a
consequence of Theorem 1.7.

Theorem 3.4. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such
that domf \ S \ g�1.�C/ ¤ ;. If one of the regularity conditions .RCCL

i /,
i 2 f1; 2; 3g, is fulfilled, then v.PC / D v.DCL/ and the dual has an optimal
solution.
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We turn our attention now to the regularity conditions which guarantee strong dual-
ity for .PC / and its dual .DCF /. They can be derived from the ones given in
Section 2 for Fenchel duality, as A is a nonempty convex set. Thus .RC id

i /; i 2
f1; 2; 20; 200; 3g, lead to the following regularity conditions

.RC
CF

1 / 9x0 2 domf \ A such that f is continuous at x0,
in case X is a Fréchet space

.RC
CF

2 / X is a Fréchet space, A is closed, f is lower semicontinuous
and 0 2 sqri.domf � A/

along with its stronger versions

.RC
CF

20 / X is a Fréchet space, A is closed, f is lower semicontinuous
and 0 2 core.domf � A/

and

.RC
CF

200 / X is a Fréchet space, A is closed, f is lower semicontinuous
and 0 2 int.domf � A/;

which are in fact equivalent, while in the finite dimensional case one has

.RC
CF

3 / dim.lin.domf � A// < C1 and ri.domf / \ ri.A/ ¤ ;.

Let us notice that for having A closed it is enough to assume that S is closed and g
is C -epi closed. From Theorem 2.2 we obtain the following result.

Theorem 3.5. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such
that domf \ S \ g�1.�C/ ¤ ;. If one of the regularity conditions .RCCF

i /,
i 2 f1; 2; 3g, is fulfilled, then v.PC / D v.DCF / and the dual has an optimal
solution.

Next, we particularize the regularity conditions given in Section 1 by considering
as perturbation function ˆCFL . Thus, the regularity condition .RCˆ1 / states that
there exists x0 2 domf \ S \ g�1.�C/ such that the function .y; z/ 7! f .x0 C
y/C ıS .x

0/C ıg.x0/CC .z/ is continuous at .0; 0/ and can be equivalently written as

.RC
CFL

1 / 9x0 2 domf \ S such that f is continuous at x0
and g.x0/ 2 � int.C /.

For the other conditions, we need to determine the set PrX�Z.domˆCFL/. We
have

.y; z/ 2 PrX�Z.domˆCFL/ , 9x 2 X such that ˆCFL.x; y; z/ < C1

, 9x 2 S such that x C y 2 domf and g.x/ 2 z � C , 9x 2 S such that

.y; z/ 2 .domf � x/ � .g.x/C C/ , 9x 2 S such that .y; z/ 2 domf � C
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�.x;�g.x// , .y; z/ 2 domf � C � epi.�C/.�g/ \ .S �Z/
and so

PrX�Z.domˆCFL/ D domf � C � epi.�C/.�g/ \ .S �Z/:

This gives rise to the following generalized interior point regularity conditions for
the primal–dual pair .PC /–.DCFL/

.RC
CFL

2 / X and Z are Fréchet spaces, S is closed, f is lower
semicontinuous, g is C -epi closed and
0 2 sqri

�

domf � C � epi.�C/.�g/ \ .S �Z/�

along with its stronger versions

.RC
CFL

20 / X and Z are Fréchet spaces, S is closed, f is lower
semicontinuous, g is C -epi closed and
0 2 core

�

domf � C � epi.�C/.�g/ \ .S �Z/�

and

.RC
CFL

200 / X and Z are Fréchet spaces, S is closed, f is lower
semicontinuous, g is C -epi closed and
0 2 int

�

domf � C � epi.�C/.�g/ \ .S �Z/� ;
which are in fact equivalent, while in the finite dimensional case we have

.RC
CFL

3 / dim
�

lin
�

domf � C � epi.�C/.�g/\ .S �Z/�� < C1 and
0 2 ri

�

domf � C � epi.�C/.�g/ \ .S �Z/�.
The strong duality theorem for the pair .PC /� .DCFL / follows from Theorem 1.7.

Theorem 3.6. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such
that domf \ S \ g�1.�C/ ¤ ;. If one of the regularity conditions .RCCFL

i /,
i 2 f1; 2; 3g, is fulfilled, then v.PC / D v.DCFL/ and the dual has an optimal
solution.

Remark 3.7. By (3.4) it follows that whenever for .PC / and .DCFL/ strong duality
holds, then v.PC / D v.DCL/ D v.DCF / D v.DCFL/. Moreover, if . Ny�; Nz�/ 2
X� � C � is an optimal solution of .DCFL/, then Ny� 2 X� is an optimal solution
of .DCF / and Nz� 2 C � is an optimal solution of .DCL/. This means that in this
situation for the pairs .PC /� .DCL/ and .PC /� .DCF / strong duality holds, too.

We close the section by treating a particular instance of the primal problem .PC /

for which we give some weak regularity conditions guaranteeing strong duality for
the primal problem and the three conjugate dual problems assigned to it. Consider
X D R

n, Z D R
m, C D R

mC, S � R
n a nonempty convex set, f W R

n ! R

a proper and convex function and g W R
n ! R

m, g.x/ D .g1.x/; : : : ; gm.x//
T ,
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a R
mC-convex function, i.e. gi is convex for i D 1; : : : ; m, such that domf \ S \

g�1.�R
mC/ ¤ ;. The primal problem becomes

.PC
f in

/ inf
x2Af .x/;
A D fx 2 S W g.x/ � 0g

where by “�” we denote the partial order induced by the non-negative orthant R
mC

on R
m. Further, let L D fi 2 f1; : : : ; mg W gi is affineg and N D f1; : : : ; mg n L.

Consider the following regularity condition (cf. [22, 34, 38, 41, 124])

.RC
CFL

f in
/ 9x0 2 ri.domf / \ ri.S/ such that gi .x0/ � 0; i 2 L;

and gi .x0/ < 0; i 2 N .

In [124] the following strong duality theorem has been proved.

Theorem 3.8. Let S � R
n be a nonempty convex set, f W R

n ! R a proper
and convex function and g W R

n ! R
m, g.x/ D .g1.x/; : : : ; gm.x//

T , a vector
function having each component gi ; i D 1; : : : ; m, convex such that domf \ S \
g�1.�R

mC/ ¤ ;. If the regularity condition .RCCFL

f in
/ is fulfilled, then for .PC

f in
/

and its Fenchel–Lagrange dual (denoted by .DCFL

f in
/) strong duality holds, namely

v.PC
f in

/ D v.DCFL

f in
/ and the dual has an optimal solution.

Remark 3.9. The condition .RCCFL

f in
/ provides strong duality for the Fenchel and

Lagrange dual problems of .PC
f in

/, too. Nevertheless, for having strong duality for

.PC
f in

/ and its Fenchel dual it is enough to assume that (cf. [113, 124])

.RC
CF

f in
/ ri.domf / \ ri.A/ ¤ ;

holds, while for having strong duality for .PC
f in

/ and its Lagrange dual it is enough
to assume that (cf. [113, 124])

.RC
CL

f in
/ 9x0 2 ri.domf \ S/ such that gi .x0/ � 0; i 2 L;

and gi .x0/ < 0; i 2 N
holds.

4 The Composed Convex Optimization Problem

In this section, we employ the general approach described in the first section to
the formulation of two conjugate duals to an unconstrained composed convex opti-
mization problem. We also derive generalized interior point regularity conditions
and provide strong duality theorems. As one can see in the following sections,
the importance of dealing with the composed convex problem is given by the fact
that several classes of optimization problems, including the ones investigated in
Sections 2 and 3, can be treated as particular instances of it.
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Let X and Z be separated locally convex spaces, where Z is partially ordered
by the nonempty convex cone C � Z. Consider f W X ! R a proper function,
g W Z ! R a proper and C -increasing function fulfilling, by convention, g.1C / D
C1 and h W X ! Z� D Z[f1C g a proper function such that h.domf \domh/\
domg ¤ ;. We say that g is C -increasing if for y; z 2 Z such that z �C y one has
g.z/ � g.y/. The primal problem we deal with in this section is

.PCC / inf
x2X ff .x/C .g ı h/.x/g :

Consider first Z as a space of perturbation variables and ˆCC1 W X � Z ! R

defined byˆCC1.x; z/ D f .x/Cg.h.x/Cz/ as perturbation function. Its conjugate
.ˆCC1/� W X� �Z� ! R has for all .x�; z�/ 2 X� �Z� the following expression

.ˆCC1/�.x�; z�/ D sup
x2X;z2Z

fhx�; xi C hz�; zi � f .x/ � g.h.x/C z/g

D sup
x2X

fhx�; xi � hz�; h.x/i � f .x/g C sup
s2Z

fhz�; si � g.s/g

D .f C .z�h//�.x�/C g�.z�/:

Since g is C -increasing, for z� … C � it holds g�.z�/ D C1. Thus for .x�; z�/ 2
X� �Z� we get

.ˆCC1/�.x�; z�/ D
�

g�.z�/C .f C .z�h//�.x�/; if z� 2 C �;
C1; otherwise:

(4.1)

Therefore, the dual problem to .PC / that we obtain by means of ˆCC1 is

.DCC1/ sup
z�2C�

f�g�.z�/� .f C .z�h//�.0/g :

By Theorem 1.1, for the pair .PCC /� .DCC1/ weak duality holds, i.e. v.DCC1/ �
v.PCC /.

For deriving a second conjugate dual to .PCC /, we take X � Z as space of
perturbation variables and ˆCC2 W X �X �Z ! R, ˆCC2.x; y; z/ D f .x C y/C
g.h.x/C z/ as perturbation function. Its conjugate .ˆCC2/� W X� �X� �Z� ! R

looks for all .x�; y�; z�/ 2 X� �X� �Z� like

.ˆCC2/�.x�; y�; z�/ D sup
x;y2X;z2Z

fhx�; xi C hy�; yi C hz�; zi � f .x C y/

�g.h.x/C z/g D sup
x2X

fhx� � y�; xi � hz�; h.x/ig C sup
s2Z

fhz�; si � g.s/g

C sup
r2Y

fhy�; ri � f .r/g D .z�h/�.x� � y�/C f �.y�/C g�.z�/:
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Taking again into consideration that g� takes outside C � the value C1 we get

.ˆCC2/�.x�; y�; z�/ D
�

g�.z�/C f �.y�/C .z�h/�.x� � y�/; if z� 2 C �;
C1; otherwise:

(4.2)
The conjugate dual problem of .PCC / obtained via the perturbation functionˆCC2

is, consequently,

.DCC2/ sup
y�2X�;z�2C�

f�g�.z�/� f �.y�/� .z�h/�.�y�/g

and for the pair .PCC /�.DCC2/ weak duality holds, too, i.e. v.DCC2/ � v.PCC /.
For furnishing regularity conditions for the primal–dual pairs derived above, we

additionally assume that f and g are convex functions while h is a C -convex
function. In these hypotheses both perturbation functions ˆCC1 and ˆCC2 are
proper and convex and 0 is an element in the projection of their domains on the
corresponding spaces of perturbation variables.

We investigate first regularity conditions for the primal–dual pair .PCC / �
.DCC1/. The regularity condition .RCˆ1 / becomes in this particular case

.RC
CC1

1 / 9x0 2 domf \ domh\ h�1.domg/ such that
g is continuous at h.x0/.

For the regularity conditions given in case X and Z are Fréchet spaces, we have
to guarantee that ˆCC1 is lower semicontinuous and 0 2 sqri.PrZ.domˆCC1//.
One has

z 2 PrZ.domˆCC1/ , 9x 2 domf \ domh such that z 2 domg � h.x/

, z 2 domg � h.domf \ domh/

and, consequently, PrZ.domˆCC1/ D domg � h.domf \ domh/.
Next, we show that whenever f and g are lower semicontinuous and h is star C -

lower semicontinuous, the lower semicontinuity ofˆCC1 is ensured. For all .x; z/ 2
X �Z it holds

.ˆCC1/��.x; z/ D sup
x�2X�;z�2C�

fhx�; xi C hz�; zi � .f C .z�h//�.x�/� g�.z�/g

D sup
z�2C�

�

hz�; zi � g�.z�/C sup
x�2X�

fhx�; xi � .f C .z�h//�.x�/g
�

D sup
z�2C�

fhz�; zi � g�.z�/C .f C .z�h//��.x/g :

Since for all z� 2 C � f C .z�h/ is proper, convex and lower semicontinuous and
g is proper, convex and lower semicontinuous, by the Fenchel–Moreau Theorem, it
yields
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.ˆCC1/��.x; z/ D sup
z�2C�

fhz�; zi � g�.z�/C f .x/C .z�h/.x/g

D f .x/C sup
z�

2C�

˚hz�; h.x/C zi � g�.z�/
� D f .x/C sup

z�
2Z�

˚hz�; h.x/C zi � g�.z�/
�

D f .x/C g��.h.x/C z/ D f .x/C g.h.x/C z/ D ˆCC1.x; z/;

which guarantees that ˆCC1 is lower semicontinuous. We can state now the follow-
ing regularity condition

.RC
CC1

2 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 sqri .domg � h.domf \ domh//

along with its stronger versions

.RC
CC1

20 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 core .domg � h.domf \ domh//

and

.RC
CC1

200 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 int .domg � h.domf \ domh// ;

which are in fact equivalent. In the finite dimensional setting one has

.RC
CC1

3 / dim .lin .domg � h.domf \ domh/// < C1 and
ri.domg/ \ ri.h.domf \ domh// ¤ ;.

The conditions .RCCC1

2 / and .RCCC1

20 / have been introduced in [57] but under the
assumption that h is a sequentiallyC -lower semicontinuous function. The condition
.RC

CC1

1 / is a classical one in the literature dealing with composed convex opti-
mization problems (see, for instance, [127, Theorem 2.8.10 (i)]), while .RCCC1

3 /

has been stated for the first time in [125]. A refinement of .RCCC1

3 / in case when
X and Z are finite dimensional spaces has been given in [26] (for more details we
refer also to [25, 32]). The strong duality theorem follows (cf. Theorem 1.7).

Theorem 4.1. Let f W X ! R be a proper and convex function, g W Z ! R a
proper convex and C -increasing function fulfilling, by convention, g.1C / D C1
and h W X ! Z� D Z [ f1C g a proper and C -convex function such that
h.domf \ domh/ \ domg ¤ ;. If one of the regularity conditions .RCCC1

i /,
i 2 f1; 2; 3g, is fulfilled, then v.PCC / D v.DCC1/ and the dual has an optimal
solution.

We come now to the second primal–dual pair for which we provide regularity
conditions and a strong duality result, too. The condition .RCˆ1 / leads in this case to
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.RC
CC2

1 / 9x0 2 domf \ domh\ h�1.domg/ such that f is continuous
at x0 and g is continuous at h.x0/.

When X and Z are Fréchet spaces, as in .RCˆ2 /, we have to guarantee that ˆCC2

is lower semicontinuous and 0 2 sqri.PrX�Z.domˆCC2//. Assuming that f and
g are lower semicontinuous and h is star C -lower semicontinuous, then ˆCC2 is
lower semicontinuous, too. Further, we have

.y; z/ 2 PrX�Z.domˆCC2/

, 9x 2 domh such that x C y 2 domf and h.x/C z 2 domg

, 9x 2 domh such that .y; z/ 2 domf � domg � .x; h.x//
, .y; z/ 2 domf � domg � epiC h;

where in the last equivalence we used that g is C -increasing. In conclusion,

PrX�Z.domˆCC2/ D domf � domg � epiC h

and one obtains the following regularity condition

.RC
CC2

2 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 sqri .domf � domg � epiC h/

along with its stronger versions

.RC
CC2

20 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 core .domf � domg � epiC h/

and

.RC
CC2

200 / X and Z are Fréchet spaces, f and g are lower semicontinuous,
h is star C -lower semicontinuous and
0 2 int .domf � domg � epiC h/ ;

which are in fact equivalent, while in the finite dimensional case one has

.RC
CC2

3 / dim .lin .domf � domg � epiC h// < C1 and
.ri.domf / � ri.domg// \ ri.epiC h/ ¤ ;.

Applying again Theorem 1.7, the following strong duality result can be stated.

Theorem 4.2. Let f W X ! R be a proper and convex function, g W Z ! R a
proper convex and C -increasing function fulfilling, by convention, g.1C / D C1
and h W X ! Z� D Z [ f1C g a proper and C -convex function such that
h.domf \ domh/ \ domg ¤ ;. If one of the regularity conditions .RCCC2

i /,
i 2 f1; 2; 3g, is fulfilled, then v.PCC / D v.DCC2/ and the dual has an optimal
solution.
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Remark 4.3. Since for all z� 2 C �

.f C .z�h//�.0/ � inf
y�2X�

ff �.y�/C .z�h/�.�y�/g;

one has in general that v.DCC2/ � v.DCC1/ � v.PCC /. This means that whenever
for .PCC / and .DCC2/ strong duality holds, then we have v.DCC2/ D v.DCC1/ D
v.PCC /. Moreover, if . Ny�; Nz�/ 2 X� � C � is an optimal solution for .DCC2/, then
Nz� 2 C � is an optimal solution for .DCC1/. Thus for .PCC / and .DCC1/ strong
duality holds, too.



Chapter II
Moreau–Rockafellar Formulae
and Closedness-Type Regularity Conditions

5 Generalized Moreau–Rockafellar Formulae

Throughout this chapter, we assume that all topological dual spaces of the sep-
arated locally convex spaces considered are endowed with the corresponding
weak� topologies. In this section, we give generalized Moreau–Rockafellar formu-
lae expressed via the perturbation function ˆ considered in Section 1 as well as
closedness-type regularity conditions for the general optimization problem .PG/.
These will be particularized in the following sections to the different classes of
convex functions and corresponding convex optimization problems, respectively,
introduced in the previous chapter (see also [27]).

Let X and Y be separated locally convex spaces and X� and Y � be their topo-
logical dual spaces, respectively. Given a functionˆ W X�Y ! R, we have thatˆ�
is convex and, consequently, the infimal value function of ˆ�, infy�2Y � ˆ�.�; y�/ W
X� ! R is also convex. For a subset of X� and a function defined on X� the
closure and the lower semicontinuous hull, respectively, in the weak� topology are
denoted by cl!� , while cl!��R denotes the closure of a subset of .X�; !.X�; X//
�R. Here, we denote by R the natural topology on R. The following theorem can
be obtained from [110] and plays a determinant role in the investigations we make
in this chapter.

Theorem 5.1. Let ˆ W X � Y ! R be a proper, convex and lower semicontinuous
function such that 0 2 PrY .domˆ/. Then for each x� 2 X� one has

.ˆ.�; 0//�.x�/ D sup
x2X

fhx�; xi �ˆ.x; 0/g D cl!�

�

inf
y�2Y �

ˆ�.�; y�/
�

.x�/: (5.1)

Proof. First, we determine the conjugate of infy�2Y � ˆ�.�; y�/. For all x 2 X

there is
�

inf
y�2Y �

ˆ�.�; y�/
��
.x/ D sup

x�2X�

�

hx�; xi � inf
y�2Y �

ˆ�.x�; y�/
�

D sup
x�2X�;y�2Y �

fhx�; xi �ˆ�.x�; y�/g D ˆ��.x; 0/:

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 2,
c� Springer-Verlag Berlin Heidelberg 2010
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Since ˆ is proper, convex and lower semicontinuous, we get further that for all
x 2 X it holds

�

infy�2Y � ˆ�.�; y�/
��
.x/ D ˆ.x; 0/. We prove that the func-

tion cl!� .infy�2Y � ˆ�.�; y�// is proper. Assuming that it takes everywhere the
value C1 it yields that its conjugate, which coincides with

�

infy�2Y � ˆ�.�; y�/
��

,
is everywhere �1. This contradicts the properness of ˆ. The other possibility
of cl!� .infy�2Y � ˆ�.�; y�// to be improper is to take somewhere the value �1.
By the same argument as above, one would have that for all x 2 X ˆ.x; 0/ is
equal to C1. Since this contradicts the feasibility assumption 0 2 PrY .dom.ˆ//,
cl!� .infy�2Y � ˆ�.�; y�// is everywhere greater than �1, therefore it is proper.

The first equality in (5.1) arises from the definition of the conjugate function,
while, by the Fenchel–Moreau Theorem, we obtain

.ˆ.�; 0//� D
�

inf
y�2Y �

ˆ�.�; y�/
���

D cl!�

�

inf
y�2Y �

ˆ�.�; y�/
�

:

This concludes the proof. �

A first consequence of this result follows.

Theorem 5.2. Let ˆ W X � Y ! R be a proper, convex and lower semicontinuous
function with 0 2 PrY .dom.ˆ//. Then

epi..ˆ.�; 0//�/ D cl!��R

�

epi

�

inf
y�2Y �

ˆ�.�; y�/
��

D cl!��R
�

PrX��R.epiˆ�/
�

:

(5.2)

Proof. Whenever .x�; r/ 2 PrX��R.epiˆ�/ it is clear that infy�2Y � ˆ�.x�, y�/ �
r , thus .x�; r/ 2 epi

�

infy�2Y � ˆ�.�; y�/
�

.
If .x�; r/ 2 epi

�

infy�2Y � ˆ�.�; y�/
�

, then for each " > 0 there is an y� 2 Y �
such that ˆ�.x�; y�/ � r C ". Thus for all " > 0 we have .x�; r C "/ 2 [y�2Y �

epi.ˆ�.�; y�// D PrX��R.epiˆ�/, and so .x�; r/ 2 cl!��R .PrX��R.epiˆ�//.
Then we get

PrX��R.epiˆ�/ � epi

�

inf
y�2Y �

ˆ�.�; y�/
�

� cl!��R
�

PrX��R.epiˆ�/
�

;

which implies the second equality in (5.2). Since the previous theorem yields
epi..ˆ.�; 0//�/ D cl!��R

�

epi
�

infy�2Y � ˆ�.�; y�/
��

, we get the desired conclu-
sion. �

The theorems proved above lead to the following statement, given also in [49]
(see also [19]).

Corollary 5.3. Let ˆ W X � Y ! R be a proper, convex and lower semicon-
tinuous function such that 0 2 PrY .dom.ˆ//. Then PrX��R.epiˆ�/ is closed in
.X�; !.X�; X// � R if and only if
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sup
x2X

fhx�; xi �ˆ.x; 0/g D min
y�2Y �

ˆ�.x�; y�/ 8x� 2 X�: (5.3)

As usual, we write instead of inf (sup) for an attained infimum (supremum) min
(max).

In the following, we introduce the concept of stable strong duality. For every
x� 2 X� we consider the extension of the primal optimization problem .PG/

.PGx
�

/ inf
x2Xfˆ.x; 0/� hx�; xig:

The function ˆx
� W X � Y ! R, ˆx

�

.x; y/ D ˆ.x; y/ � hx�; xi is a perturbation
function for .PGx

�

/ and since

.ˆx
�

/�.u�; y�/ D ˆ�.u� C x�; y�/ 8.u�; y�/ 2 X� � Y �;

it introduces the following conjugate dual

.DGx
�

/ sup
y�2Y �

f�.ˆx�

/�.0; y�/g

or, equivalently,
.DGx

�

/ sup
y�2Y �

f�ˆ�.x�; y�/g:

Definition 5.4. We say that for the optimization problems .PG/ and .DG/ stable
strong duality holds, if for all x� 2 X� for .PGx

�

/ and .DGx
�

/ strong duality
holds, this means that v.PGx

�

/ D v.DGx
�

/ and the dual .DGx
�

/ has an optimal
solution.

By Corollary 5.3 if follows that, if ˆ is a proper and convex function with 0 2
PrY .domˆ/, asking that

.RCˆ4 / ˆ is lower semicontinuous and PrX��R.epiˆ�/ is closed in
.X�; !.X�; X// � R

is a sufficient condition for stable strong duality. Consequently, as stable strong
duality implies strong duality (take in (5.3) x� D 0), .RCˆ4 / is a sufficient condition
for strong duality, too. Because of the way in which it was formulated, we call it
closedness-type regularity condition.

Under the assumption that ˆ is proper and convex with 0 2 PrY .domˆ/ for all
x� 2 X�, we have domˆx

� D domˆ and therefore the generalized interior point
regularity conditions .RCˆi /, i 2 f1; 2; 3g, are also sufficient for having strong
duality for .PGx

�

/ and .DGx
�

/. Thus one can state the following result (see also
Corollary 2.7.3 in [127]).

Theorem 5.5. Let ˆ W X � Y ! R be a proper and convex function such that
0 2 PrY .domˆ/. If one of the regularity conditions .RCˆi /, i 2 f1; 2; 3g, is fulfilled,
then for .PG/ and .DG/ stable strong duality holds, which is nothing else than
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sup
x2X

fhx�; xi �ˆ.x; 0/g D min
y�2Y �

ˆ�.x�; y�/ 8x� 2 X�:

Next, we derive by means of the considerations made above closedness-type reg-
ularity conditions and corresponding stable strong duality results for the primal–dual
pairs treated in Sections 2–4. We provide also examples where the closedness-type
conditions are satisfied, but the generalized interior point ones fail.

6 Stable Strong Duality for the Composed Convex
Optimization Problem

In this section, we work in the same setting as in the Section 4 and consider X and
Z separated locally convex spaces, where Z is partially ordered by the nonempty
convex cone C � Z, f W X ! R a proper and convex function, g W Z ! R a
proper, convex and C -increasing function fulfilling, by convention, g.1C / D C1
and h W X ! Z� D Z [ f1C g a proper and C -convex function such that
h.domf \ domh/ \ domg ¤ ;. We give two generalized Moreau–Rockafellar
formulae for f C g ı h by using the perturbation functionsˆCC1 and ˆCC2 intro-
duced in Section 4. To this end, we additionally assume that f and g are lower
semicontinuous, while h is star C -lower semicontinuous. As we have seen, the per-
turbation functionˆCC1 W X �Z ! R, ˆCC1.x; z/ D f .x/C g.h.x/C z/, which
we treat first, is in these hypotheses proper, convex and lower semicontinuous. From
(4.1) we get via Theorems 5.1 and 5.2 the following results, respectively.

Theorem 6.1. One has

.f C g ı h/� D cl!�

�

inf
z�2C�

fg�.z�/C .f C .z�h//�.�/g
�

: (6.1)

Theorem 6.2. It holds

epi..f C g ı h/�/ D cl!��R

�

epi

�

inf
z�2C�

fg�.z�/C .f C .z�h//�.�/g
��

D cl!��R

�

[
z�2domg�

�

.0; g�.z�//C epi.f C .z�h//�
�

�

: (6.2)

Proof. To get the result, we must only establish the set PrX��R.epi.ˆCC1/�/. One
has .x�; r/ 2 PrX��R.epi.ˆCC1/�/ if and only if there is some z� 2 C � such
that g�.z�/ C .f C .z�h//�.x�/ � r . Using that domg� � C � this turns out to
be equivalent to the existence of a z� 2 domg� fulfilling .x�; r/ 2 .0; g�.z�// C
epi.f C .z�h//� and further to

.x�; r/ 2 [
z�2domg�

�

.0; g�.z�//C epi.f C .z�h//�
�

:
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Consequently, (5.2) is nothing else than (6.2). �

Corollary 5.3 leads to the following stable strong duality result.

Theorem 6.3. We have

.f C g ı h/�.x�/ D min
z�2C�

fg�.z�/C .f C .z�h//�.x�/g 8x� 2 X� (6.3)

if and only if

[
z�2domg�

..0; g�.z�//C epi.f C .z�h//�/ is closed in .X�; !.X�; X// � R:

(6.4)

Remark 6.4. Taking into consideration Theorem 6.3 one can state for the primal
problem

.PCC / inf
x2X ff .x/C .g ı h/.x/g

and its conjugate dual problem

.DCC1/ sup
z�2C�

f�g�.z�/� .f C .z�h//�.0/g

the following closedness-type regularity condition

.RC
CC1

4 / f and g are lower semicontinuous, h is star C -lower
semicontinuous and [

z�2domg�

..0; g�.z�//C epi.f C .z�h//�/ is

closed in .X�; !.X�; X// � R.

Example 6.5. By Theorem 5.5 and Theorem 6.3 one has .RCCC1

200 / , .RC
CC1

20 /

) .RC
CC1

2 / ) .RC
CC1

4 /. In the following we present a situation where .RCCC1

4 /

is fulfilled while .RCCC1

2 / fails. Moreover, neither .RCCC1

1 / nor .RCCC1

3 / are
satisfied.

Let X D Z D R, C D f0g, f D ıR�
, g.x/ D .1=2/x2 C ıRC

.x/, x 2 R,
and h D idR. Here, we denote RC D Œ0;C1/ and R� D .�1; 0�. Obviously,
domf \ domh \ h�1.domg/ D f0g and so .RCCC1

1 / is not verified. Further, it
holds domg�h.domf \domh/ D RC, thus cone.domg�h.domf \domh// D
RC and, since this set is not a linear subspace, .RCCC1

2 / (and also .RCCC1

20 / and

.RC
CC1

200 /) are not fulfilled. As ri.domg/ \ ri.h.domf \ domh// D ;, .RCCC1

3 /

fails, too.
On the other hand, for all x�; z� 2 R it holds

g�.z�/ D
�

0; if z� < 0;
.1=2/.z�/2; if z� � 0;

and .f C .z�h//.x�/ D
�

0; if x� � z�;
C1; otherwise:

Thus for all z� < 0we have .0; g�.z�//Cepi.f C.z�h//� D Œz�;C1/�RC, while
for all z� � 0, .0; g�.z�//C epi.f C .z�h//� D Œz�;C1/� Œ.1=2/.z�/2;C1/. So
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[
z�2domg�

�

.0; g�.z�//C epi.f C .z�h//�
� D R � RC;

which is a closed set and this proves that .RCCC1

4 / holds.

The following characterization of (6.3) is valid without any convexity or topo-
logical assumption for the functions involved, in other words we only assume that
f W X ! R is a proper function, g W Z ! R is a proper and C -increasing function
fulfilling, by convention, g.1C / D C1 and h W X ! Z� D Z[f1C g is a proper
function such that h.domf \ domh/\ domg ¤ ;.

Theorem 6.6. The relation in (6.3) is fulfilled if and only if for all x 2 X and " � 0

one has

@".f C g ı h/.x/ D
[

"1;"2�0;"1C"2D"
z�2C�\@"2

g.h.x//

@"1
.f C .z�h//.x/:

Proof. “)” Let be " � 0. If x … domf \ domh \ h�1.domg/, there is nothing
to be proved, as both sets are empty. In case x 2 domf \ domh\ h�1.domg/ the
"-subdifferential formula follows by [127, Theorem 2.8.10].

“(” Let be x� 2 X� fixed. By the properties of the conjugate function, we
always have that

�1 < .f C g ı h/�.x�/ � inf
z�2C�

fg�.z�/C .f C .z�h//�.x�/g :

In case .f Cg ıh/�.x�/ D C1 the conclusion follows automatically. Assume that
r WD .f C g ı h/�.x�/ 2 R. Take an arbitrary x 2 domf \ domh \ h�1.domg/.
Thus .f Cgıh/�.x�/C.f Cgıh/.x/ D hx�; xiC ŒrC.f Cgıh/.x/�hx�; xi�.
Denote by " WD rC .f Cg ıh/.x/�hx�; xi. By the Young–Fenchel inequality one
has " � 0. On the other hand, by (1.3), x� 2 @".f Cg ıh/.x/ and, according to the
hypothesis there exist "1; "2 � 0, "1 C "2 D " and z� 2 C � \ @"2

g.h.x// such that
x� 2 @"1

.f C.z�h//.x/. It yields .f C.z�h//�.x�/C.f C.z�h//.x/ � hx�; xiC"1
and g�.z�/C g.h.x// � hz�; h.x/i C "2 and from here

.f C .z�h//�.x�/C g�.z�/C .f C g ı h/.x/ � hx�; xi C "

or, equivalently,

.f C .z�h//�.x�/C g�.z�/ � r D .f C g ı h/�.x�/:

This concludes the proof. �

From Theorem 6.6 one can easily deduce that under the convexity and topo-
logical assumptions considered at the beginning of this section, the condition in
(6.4) is necessary and sufficient for the existence of a "-subdifferential sum for-
mula for f C g ı h. Moreover, any sufficient condition for (6.3) guarantees the
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"-subdifferential sum formula given in the previous theorem. This also applies for
the regularity conditions .RCCC1

i /; i 2 f1; 2; 3g. For similar results in case " D 0

we refer to the article of Combari, Laghdir and Thibault [57].
Coming to the perturbation functionˆCC2 W X �X �Z ! R,ˆCC2.x; y; z/ D

f .x C y/ C g.h.x/ C z/, we recall first that in the hypotheses considered at the
beginning of the section this function is proper, convex and lower semicontinuous.
By means of it, we give further Moreau–Rockafellar formulae for f Cgıh, provable
by using Theorem 5.1 as well as other characterizations of the epigraph of the con-
jugate of this function which follow from Theorem 5.2. To this end, the expression
of .ˆCC2/� given in (4.2) is used.

We recall first that for ki W X ! R; i D 1; ::; m, proper functions we
denote by k1� : : :�km W X ! R their infimal convolution, which is defined by
k1� : : :�km.x/ D inffPm

iD1 ki .xi / W Pm
iD1 xi D xg. If for x 2 X this infimum

is attained, we say that k1� : : :�km is exact at x. If k1� : : :�km is exact at all
x 2 X , we say that k1� : : :�km is exact.

Theorem 6.7. One has

.f C g ı h/� D cl!�

0

@ inf
y�2X�

z�2C�

fg�.z�/C f �.y�/C .z�h/�.� � y�/g
1

A

D cl!�

�

inf
z�2C�

fg�.z�/C f ��.z�h/�.�/g
�

: (6.5)

Theorem 6.8. It holds

epi.f C g ı h/� D cl!�
�R

0

@epi

0

@ inf
y�

2X�

z�
2C�

fg�.z�/C f �.y�/C .z�h/�.� � y�/g
1

A

1

A

D cl!�
�R

�

epif � C [
z�

2domg�

�

.0; g�.z�//C epi.z�h/�
�

�

:

(6.6)

Proof. The first equality corresponds to the first one given in relation (5.2). For the
second one we have to determine the set PrX��R.epi.ˆCC2/�/. One has .x�; r/ 2
PrX��R.epi.ˆCC2/�/ if and only if there are some y� 2 X� and z� 2 C � such that
g�.z�/ C f �.y�/ C .z�h/�.x� � y�/ � r or, equivalently, there exist y� 2 X�
and z� 2 C � such that .x�; r/ 2 .y�; f �.y�// C .0; g�.z�// C epi.z�h/�. Using
that domg� � C �, this turns out to be equivalent to the existence of a z� 2 domg�
fulfilling .x�; r/ 2 epif � C .0; g�.z�//C epi.z�h/� and further to

.x�; r/ 2 epif � C [
z�2domg�

�

.0; g�.z�//C epi.z�h/�
�

:

This leads to the desired result. �
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By Corollary 5.3 we obtain the following characterization for the conjugate of
f C g ı h.

Theorem 6.9. We have

.fCgıh/�.x�/ D min
y�2X�;z�2C�

fg�.z�/C f �.y�/C .z�h/�.x� � y�/g 8x� 2X�

(6.7)
if and only if

epif � C [
z�2domg�

..0; g�.z�//C epi.z�h/�/ is closed in .X�; !.X�; X// � R:

(6.8)

Remark 6.10. By Theorem 6.9 it yields that for the primal problem .PCC / and its
conjugate dual

.DCC2/ sup
y�2X�;z�2C�

f�g�.z�/� f �.y�/� .z�h/�.�y�/g

one can formulate the following closedness-type regularity condition

.RC
CC2

4 / f and g are lower semicontinuous, h is star C -lower
semicontinuous and epif � C [

z�2domg�

..0; g�.z�//C epi.z�h/�/ is

closed in .X�; !.X�; X// � R.

By Theorems 5.5 and 6.9 we have .RCCC2

200 / , .RC
CC2

20 / ) .RC
CC2

2 / )
.RC

CC2

4 / and it is enough to consider the problem treated in Example 6.5 to see that

one can have .RCCC2

4 / fulfilled, while .RCCC2

2 /, but also .RCCC2

1 / and .RCCC2

3 /

fail.
Indeed, as domf \ domh \ h�1.domg/ D f0g, it is obvious that .RCCC2

1 /

is not satisfied. Taking into consideration that epiC h D �R2 D f.x; x/ W x 2 Rg
one has domf � domg � epiC h D [x2R..�1; x� � Œx;C1// and from here
one has that 0 2 sqri.domf � domg � epiC h/ if and only if [x2R..�1; x� �
Œx;C1// D f.x; y/T 2 R

2 W y � xg is a closed linear subspace. This is not the
case and therefore .RCCC2

2 / is not fulfilled. The same applies also for .RCCC2

20 /

and .RCCC2

200 /.
On the other hand, epif � C[z�2domg� ..0; g�.z�//C epi.z�h/�/ D RC �RC C

R� � RC [ S

z��0fz�g � Œ.1=2/.z�/2;C1/ D R � RC and this is a closed set.

Consequently, .RCCC2

4 / is valid.

The proof of the following result can be given in analogy to the one of Theo-
rem 6.6 and this is the reason why we omit it (see [33] for more details). One should
notice that like in the mentioned result we do not make any convexity or topological
assumption for the functions involved.
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Theorem 6.11. The relation in (6.7) is fulfilled if and only if for all x 2 X and
" � 0 one has

@".f C g ı h/.x/ D
[

"1;"2;"3�0;"1C"2C"3D"
z�2C�\@"3

g.h.x//

�

@"1
f .x/C @"2

.z�h//.x/
�

:

From Theorem 6.11 follows that every sufficient condition for (6.7), like the
conditions .RCCC2

i /; i 2 f1; 2; 3g, guarantees the "-subdifferential sum formula
above. For similar results in case " D 0 we refer again to [57].

Remark 6.12. Since epif � C [z�2domg� ..0; g�.z�//C epi.z�h/�/ is contained in
the set [z�2domg� ..0; g�.z�//C epi.f C .z�h//�/ and these sets have the same
closure in .X�; !.X�; X// � R (cf. Theorems 6.2 and 6.8), it follows that in case
.RC

CC2

4 / is fulfilled, .RCCC1

4 / is fulfilled, too. The following example shows that
.RC

CC1

4 / is indeed weaker than .RCCC2

4 /.

Example 6.13. Let X D R
2, Z D R, C D RC and the convex and closed sets

U D ˚

.x1; x2/
T 2 R

2 W x1 � 0
�

and V D ˚

.x1; x2/
T 2 R

2 W 2x1 C x22 � 0
�

. Take
f D ıU , g D idR and h D ıV . As domg D R it follows cone.domg� h.domf \
domh// D R, which is clearly a closed linear subspace. Thus .RCCC1

2 / stands and
so .RCCC1

4 / is valid, too. Let us see whether .RCCC2

4 / is satisfied or not in this
situation. We have for .y�

1 ; y
�
2 / 2 R

2 and z� 2 RC

f �.y�
1 ; y

�
2 / D

�

0; if y�
1 � 0; y�

2 D 0;

C1; otherwise;
g�.z�/ D

�

0; if z� D 1;

C1; otherwise;

and

h�.y�
1 ; y

�
2 / D

8

ˆ

<

ˆ

:

.y�

2
/2

y�

1

; if y�
1 > 0;

0; if y�
1 D y�

2 D 0;

C1; otherwise:

For .x�
1 ; x

�
2 /
T 2 R

2 it holds

.f C g ı h/�.x�
1 ; x

�
2 / D sup

x1;x22R

fx�
1x1 C x�

2x2 � ıU\V .x1; x2/g D 0;

while at .x�
1 ; x

�
2 /
T D .1; 1/T we have

inf
.y�

1
;y�

2
/2R2;z�2RC

fg�.z�/C f �.y�
1 ; y

�
2 /C .z�h/�.1 � y�

1 ; 1 � y�
2 /g D

inf
y�

i
�0
h�.1� y�

1 ; 1/ D inf
y�

1
�0

1

1 � y�
1

D 0;

but there is no y�
1 � 0 where this value is attained. This means that (6.7) is not

fulfilled and so, by Theorem 6.9, .RCCC2

4 / is not valid.
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7 Stable Strong Duality for the Problem Having
the Composition with a Linear Continuous Operator
in the Objective Function

Consider X and Y separated locally convex spaces, the proper, convex and lower
semicontinuous functions f W X ! R and g W Y ! R and the linear continuous
operator A W X ! Y fulfilling A.domf / \ domg ¤ ;. Taking Z D Y , C D f0g
and h W X ! Y , h.x/ D Ax, we see that we are in a special case of the general
setting from Section 6. In the following, we adapt the results provided above to this
particular instance.

First we notice that C � D Y � and for any y� 2 Y � and x� 2 X� one has
.f C .y�A//�.x�/ D f �.x� � A�y�/ and

.y�A/�.x�/ D
�

0; if A�y� D x�;
C1; otherwise:

For a proper function k W X ! R and a continuous linear operator A W X ! Y , we
define the infimal value function of f throughA as being the functionAf W Y ! R,
Af .y/ D infff .x/ W x 2 X;Ax D yg. The formulae given in (6.1) and (6.5)
collapse into the following result.

Theorem 7.1. One has

.f C g ı A/� D cl!�

�

inf
y�2Y �

ff �.� � A�y�/C g�.y�/g
�

D cl!� .f ��A�g�/:
(7.1)

Proof. The first equality follows directly from Theorem 6.1 (or Theorem 6.7). The
second equality is a consequence of the first equality in (6.5), which yields

.f C g ı A/� D cl!�

�

inf
y�2X�;z�2Y �

fg�.z�/C f �.y�/C .z�A/�.� � y�/g
�

:

For each x� 2 X� we have

inf
y�2X�

z�2Y �

fg�.z�/C f �.y�/C .z�A/�.x� � y�/g

D inf
y�2X�

8

<

:

f �.y�/C inf
z�2Y �

A�z�Dx��y�

g�.z�/

9

=

;

D inf
y�2X�

ff �.y�/CA�g�.x� � y�/g D .f ��A�g�/.x�/;

which leads to the desired conclusion. �
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In the following statement we denote by .A� � idR/.epig�/ the image of the set
epig� through the function .A� � idR/ W Y � � R ! X� � R defined by .A� �
idR/.y

�; r/ D .A�y�; r/.

Theorem 7.2. It holds

epi.f C g ı A/� D cl!��R

�

epi

�

inf
y�2Y �

.g�.y�/C f �.� � A�y�//
��

D cl!��R
�

epi.f ��A�g�/
� D cl!��R

�

epif � C .A� � idR/.epig�/
�

: (7.2)

Proof. The first two equalities follow directly from (7.1), while the last one is a
consequence of the second equality in Theorem 6.2 (or Theorem 6.8), by noticing
that

[
z�2domg�

�

.0; g�.z�//C epi.f C .z�A//�
� D epif �

C [
z�2domg�

�

.0; g�.z�//C epi.z�A/�
� D epi f � C [

z�2domg�

r2R;r�g�.z�/

.A�z�; r/

D epif � C .A� � idR/.epig�/:

�

Theorem 6.3 (or Theorem 6.9) give rise to the following characterization of the
conjugate of f C g ı A (see also [40]).

Theorem 7.3. We have

.f C g ı A/�.x�/ D min
y�2Y �

ff �.x� � A�y�/C g�.y�/g 8x� 2 X� (7.3)

if and only if

epi f � C .A� � idR/.epig�/ is closed in .X�; !.X�; X// � R: (7.4)

Remark 7.4. For the primal–dual pair .PA/–.DA/ (notice that in this special case
both dual problems .DCC1/ and .DCC2/ become .DA/), where

.PA/ inf
x2X ff .x/C .g ı A/.x/g

and
.DA/ sup

y�2Y �

f�f �.�A�y�/� g�.y�/g ;

one can formulate the following closedness-type regularity condition (cf. [40])

.RCA4 / f and g are lower semicontinuous and epif � C .A� � idR/.epig�/
is closed in .X�; !.X�; X// � R,

which is weaker than .RCAi /, i 2 f2; 20; 200g.
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From Theorem 6.6 (or Theorem 6.11) we obtain the following assertion (see
[33]), which has as consequence the fact that any sufficient condition for (7.3) guar-
antees the "-subdifferential formula for f C g ıA, fact which was also pointed out
in [78, 127].

Theorem 7.5. The relation in (7.3) is fulfilled if and only if for all x 2 X and " � 0

one has
@".f C g ı A/.x/ D

[

"1;"2�0
"1C"2D"

�

@"1
f .x/C A�@"2

g.Ax/
�

:

Next, we take X D Y and assume that A is the identity operator on X , while
f; g W X ! R are proper, convex and lower semicontinuous functions such that
domf \ domg ¤ ;. From Theorem 7.1 and Theorem 7.2 we obtain the following
results (see [40, 122, 127]), the first of them being known as the classical Moreau–
Rockafellar formula.

Theorem 7.6. One has

(i) .f C g/� D cl!�.f ��g�/;
(ii) epi.f C g/� D cl!��R.epi.f ��g�// D cl!��R.epif � C epig�/.

Further, from Theorem 7.3 we obtain the following statement.

Theorem 7.7. We have

.f C g/�.x�/ D min
y�2X�

ff �.x� � y�/C g�.y�/g 8x� 2 X� (7.5)

if and only if

epi f � C epig� is closed in .X�; !.X�; X// � R: (7.6)

Without making any convexity or topological assumption for f and g, namely
assuming only that they are proper with domf \ domg ¤ ;, one can easily notice
that the relation (7.5), which is rewritable as .f C g/� D f ��g� and f ��g� is
exact, is equivalent to epi.f C g/� D epi f � C epig�.

Remark 7.8. For the primal–dual pair .P id/–.Did/, where

.P id/ inf
x2X ff .x/C g.x/g

and
.Did/ sup

y�2X�

f�f �.�y�/� g�.y�/g ;

one can consider as closedness-type regularity condition

.RC id
4 / f and g are lower semicontinuous and epif � C epig�

is closed in .X�; !.X�; X// � R.
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The condition .RC id
4 / is implied by .RC id

i /, i 2 f2; 20; 200g and by taking, as in
Example 6.5,X D R, f D ıR�

and g.x/ D .1=2/x2CıRC
.x/, one gets a situation

where all the generalized interior point regularity conditions formulated in Section 2
for this primal–dual pair fail, but .RC id

4 / is valid.

In Theorem 7.9, which we state below, we rediscover a result obtained in [47]
(see also [46, 48] for partial statements) in case X is a Banach space.

Theorem 7.9. The relation in (7.5) is fulfilled if and only if for all x 2 X and " � 0

one has
@".f C g/.x/ D

[

"1;"2�0
"1C"2D"

�

@"1
f .x/C @"2

g.x/
�

:

We return to the initial setting, with g W Y ! R a proper, convex and lower
semicontinuous function and A W X ! Y a linear continuous operator and assume
that f is identical to 0 along with R.A/ \ domg ¤ ;. Theorems 7.1 and 7.2 lead
to the following result, the first assertion of which was proved in [71].

Theorem 7.10. One has

(i) .g ı A/� D cl!�.A�g�/;
(ii) epi.g ı A/� D cl!��R.epi.A�g�// D cl!��R..A� � idR/.epig�//.

From Theorem 7.3 one can derive the following result.

Theorem 7.11. We have

.g ı A/�.x�/ D min
y�2Y �;x�DA�y�

fg�.y�/g 8x� 2 X� (7.7)

if and only if

.A� � idR/.epig�/ is closed in .X�; !.X�; X// � R: (7.8)

Remark 7.12. For the primal–dual pair .PAg /–.DAg /, where (see Section 2)

.PAg / inf
x2X.g ı A/.x/

and
.DAg / sup

y�2Y �

A�y�D0
f�g�.y�/g ;

the following closedness-type regularity condition can be considered

.RC
Ag

4 / g is lower semicontinuous and .A� � idR/.epig�/ is closed
in .X�; !.X�; X// � R,

which is weaker than .RCAg

i /, i 2 f2; 20; 200g.
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The following characterization is a consequence of Theorem 7.5.

Theorem 7.13. The relation in (7.7) is fulfilled if and only if for all x 2 X and
" � 0 one has

@".g ı A/.x/ D A�@"g.Ax/:

Further, we specialize the setting above (as in Section 2) and assume that for
m � 2 the functions fi W X ! R; i D 1; : : : ; m; are proper, convex and lower
semicontinuous such that \miD1 domfi ¤ ;. Taking Y D Xm, g W Xm ! R,
g.x1; : : : ; xm/ D Pm

iD1 fi .xi / and A W X ! Xm; Ax D .x; : : : ; x/, we have
that g is proper, convex and lower semicontinuous with R.A/ \ domg ¤ ;. More
than that g ı A D Pm

iD1 fi and for x� 2 X� A�g�.x�/ D inffPm
iD1 f �

i .x
�
i / W

Pm
iD1 x�

i D x�g D f �
1 � : : :�f �

m.x
�/. Moreover, .x�; r/ 2 .A� � idR/.epig�/ if

and only if there exists .x1�; : : : ; xm�/ 2 .X�/m such that g�.x1�; : : : ; xm�/ �
r and A�.x1�; : : : ; xm�/ D Pm

iD1 xi� D x�, which is equivalent to the fact
that there exists .x1�; : : : ; xm�/ 2 .X�/m such that

Pm
iD1 f �

i .x
i�/ � r and

Pm
iD1 xi� D x� and further to .x�; r/ 2 Pm

iD1 epi f �
i . These considerations along

with Theorems 7.10 and 7.11 provide the following results, respectively.

Theorem 7.14. One has

(i) .
Pm
iD1 fi /� D cl!�.f �

1 � : : :�f �
m/;

(ii) epi.
Pm
iD1 fi /� D cl!��R.epi.f �

1 � : : :�f �
m// D cl!��R.

Pm
iD1 epi f �

i /.

Theorem 7.15. We have

 

m
X

iD1
fi

!�
.x�/ D min

(

m
X

iD1
f �
i .x

�
i / W

m
X

iD1
x�
i D x�

)

8x� 2 X� (7.9)

if and only if
m
X

iD1
epif �

i is closed in .X�; !.X�; X// � R: (7.10)

Remark 7.16. For the primal–dual pair .P†/–.D†/, where (see Section 2)

.P†/ inf
x2X

(

m
X

iD1
fi .x/

)

and

.D†/ sup
xi�2X�;iD1;:::;m;

m
P

iD1

xi�D0

(

�
m
X

iD1
f �
i .x

i�/
)
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one can formulate the following closedness-type regularity condition

.RC†4 / fi is lower semicontinuous, i D 1; : : : ; m, and
m
P

iD1
epif �

i is

closed in .X�; !.X�; X// � R,

which is weaker than .RC†i /, i 2 f2; 20; 200g.

Theorem 7.13 leads to the following result.

Theorem 7.17. The relation in (7.9) is fulfilled if and only if for all x 2 X and
" � 0 one has

@"

 

m
X

iD1
fi

!

.x/ D
[

"i �0;iD1;:::;m;
Pm

iD1 "i D"

 

m
X

iD1
@"i
fi .x/

!

:

We close this section by giving an application of Theorem 7.17 in connection to
the so-called strong conical hull intersection property. Having C1; : : : ; Cm convex
and closed subsets ofX with \miD1Ci ¤ ;, we say that fC1; : : : ; Cmg has the strong
conical hull intersection property (strong CHIP), if for all x 2 \miD1Ci

N m\
iD1

Ci

.x/ D
m
X

iD1
NCi

.x/:

The notion of strong CHIP has been introduced by Deutsch, Li and Ward in [63]
in Hilbert spaces and has proved to be useful when dealing with best approxima-
tion problems as well as in the conjugate duality theory (cf. [4, 61–63]). Obviously,
fC1; : : : ; Cmg has the strong CHIP if and only if

@

 

ı m\
iD1

Ci

!

.x/ D
m
X

iD1
@.ıCi

/.x/ 8x 2 m\
iD1Ci :

Taking this into consideration we get from Theorem 7.17 the following result.

Corollary 7.18. Let C1; : : : ; Cm be convex and closed subsets of X such that
\miD1Ci ¤ ;. If

Pm
iD1 epi �Ci

is closed in .X�; !.X�; X//� R, then fC1; : : : ; Cmg
has the strong CHIP.

For m D 2, a similar result has been given by Burachik and Jeyakumar in [48,
Theorem 3.1] for X a Banach space. A kind of reverse result of [48, Theorem 3.1]
was provided in [68] for X an Euclidean space and under different supplementary
geometric properties for the two convex and closed sets. On the other hand, Ng and
Song have given a sufficient condition for strong CHIP providing X is a Fréchet
space and a generalized interior point regularity condition is fulfilled (cf. [102, The-
orem 4.3]). Corollary 7.18 improves this result to general spaces and shows that it
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works under a weaker regularity condition. For relations between strong CHIP and
the so-called bounded linear regularity property which plays an important role when
providing convergence rates for algorithms solving convex optimization problems,
we refer to [5].

8 Stable Strong Duality for the Problem with Geometric
and Cone Constraints

Consider X and Z separated locally convex spaces, where Z is partially ordered
by the nonempty convex cone C � Z, S � X a nonempty convex and closed set,
f W X ! R a proper, convex and lower semicontinuous function and g W X ! Z� a
proper,C -convex and C -epi closed function such that domf \S \g�1.�C/ ¤ ;.
We define h W X ! Z� as being

h.x/ D
�

g.x/; if x 2 S;
1C ; otherwise:

Thus h is a proper, C -convex and C -epi closed function and for all x 2 X it holds

.f C ı�C ı h/.x/ D
�

f .x/; if x 2 S; g.x/ 2 �C;
C1; otherwise:

The function ı�C is proper, convex, lower semicontinuous and C -increasing and
h.domf \domh/\ .�C/ ¤ ;. The perturbation functions considered in Section 6
becomeˆCC1 W X�Z ! R,ˆCC1.x; z/ D f .x/Cıf.u;v/2S�ZWg.u/2�v�C g.x; z/ and
ˆCC2 W X�X�Z ! R,ˆCC2.x; y; z/ D f .xCy/Cıf.u;v/2S�ZWg.u/2�v�C g.x; z/,
and are (except for a sign in the cone constraints, which has no influence on the
construction of the corresponding dual) the perturbation functions which lead to the
Lagrange and Fenchel–Lagrange dual problems, respectively, of the problem

.PC / inf
x2Af .x/:
A D fx 2 S W g.x/ 2 �C g

Both ˆCC1 and ˆCC2 are proper, convex and lower semicontinuous. It is worth
mentioning that for guaranteeing the lower semicontinuity of the perturbation func-
tions in this case, it is not necessary to assume that h is starC -lower semicontinuous.
Further, one can apply the results given in Section 6 to this particular setting and
establish further Moreau–Rockafellar formulae as well as stable strong duality state-
ments for .PC /. Using that ı�

�C D ��C D ıC� , Theorems 6.1 and 6.7 furnish the
following statement.
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Theorem 8.1. One has for all x� 2 X�

sup
x2S

g.x/2�C

fhx�; xi � f .x/g D .f C ı
fy2SWg.y/2�Cg

/�.x�/

D cl!�

�

inf
z�

2C�

.f C .z�g/C ıS/
�

�

.x�/ D cl!�

�

inf
z�

2C�

.f ��..z�g/C ıS /
�/

�

.x�/:

(8.1)

Theorems 6.2 and 6.8 provide the following characterizations by means of
epigraphs.

Theorem 8.2. It holds

epi
�

f C ıfy2SWg.y/2�Cg

�
� D cl!�

�R

�

epi

�

inf
z�

2C�

.f C .z�g/C ıS/
�

��

D cl!�
�R

�

[
z�

2C�

epi.f C .z�g/C ıS /
�

�

D cl!�
�R

�

epi

�

inf
z�

2C�

.f ��..z�g/C ıS/
�

��

(8.2)

D cl!�
�R

�

epi f � C [
z�

2C�

epi..z�g/C ıS/
�

�

:

In this particular instance Theorem 6.3 has the following formulation (see also
[24]).

Theorem 8.3. We have

inf
x2S

g.x/2�C
ff .x/ � hx�; xig D max

z�2C�

inf
x2S ff .x/C .z�g/.x/ � hx�; xig 8x� 2 X�

(8.3)
if and only if

[
z�2C�

epi.f C .z�g/C ıS /
� is closed in .X�; !.X�; X// � R: (8.4)

Remark 8.4. Inspired by Theorem 8.3, which provides a necessary and sufficient
condition for stable strong duality for .PC / and its Lagrange dual

.DCL/ sup
z�2C�

inf
x2S ff .x/C .z�g/.x/g ;

one can formulate the following closedness-type regularity condition for this primal–
dual pair

.RC
CL

4 / S is closed, f is lower semicontinuous, g is C -epi closed and
[

z�2C�

epi.f C .z�g/C ıS /
� is closed in .X�; !.X�; X// � R.

The fact that .RCCL

4 / is implied by .RCCL

i /; i 2 f2; 20; 200g, follows by Theo-

rem 5.5. We show in the following example that .RCCL

4 / is, in fact, weaker than
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these generalized interior point regularity conditions. Moreover, .RCCL

1 /, .RCCL

3 /

and .RCCL

f in
/ are also not valid in this particular instance.

Example 8.5. (cf. [84, Example 2.1]) Let X D Z D R, C D RC, S D R, f D idR

and g.x/ D maxfx; 0g, x 2 R. That .RCCL

1 / fails, is obvious. We have g.S \
domf \ domg/ C C D RC and since the cone generated by this set is not a
linear subspace, .RCCL

2 / (but also .RCCL

20 / and .RCCL

200 /) fail, too. It is easy to see

that .RCCL

3 / and .RCCL

f in
/ are far from being satisfied, while the closedness-type

condition .RCCL

4 / holds. Indeed, for all z� � 0 and x� 2 R one has

.f C .z�g/C ıS /
�.x�/ D sup

x2R

fhx�; xi � x � maxfz�x; 0gg

D
�

0; if 1 � x� � z� C 1;

C1; otherwise:

Therefore [z��0 epi.f C .z�g/C ıS /
� D [z��0Œ1; z� C 1�� RC D Œ1;C1/� RC

and this is a closed set.

From Theorem 6.6 one obtains the following characterization of (8.3) via a
"-subdifferential sum formula. Also here, it is worth noticing that for the result
below no convexity or topological assumptions for the sets and functions involved
are needed.

Theorem 8.6. The relation in (8.3) is fulfilled if and only if for all x 2 X and " � 0

one has

@"
�

f C ıfy2S Wg.y/2�C g
�

.x/ D
[

"1;"2�0;"1C"2D"
z�2C�;0�.z�g/.x/C"2

@"1
.f C .z�g/C ıS /.x/:

The following refinement of relation (8.3) can be obtained by using Theorem 6.9
instead of Theorem 6.3 (see also [24]).

Theorem 8.7. We have

inf
x2S

g.x/2�C

ff .x/�hx�; xig D max
y�

2X�;z�
2C�

˚�f �.y�/ � .z�g/�S .x
� � y�/

� 8x� 2 X�

(8.5)
if and only if

epif � C [
z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// � R: (8.6)

Remark 8.8. The previous result allows us to state another closedness-type regu-
larity condition for .PC /, this time for ensuring strong duality with respect to its
Fenchel–Lagrange dual problem
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.DCFL/ sup
y�2X�;z�2C�

˚�f �.y�/� .z�g/�S .�y�/
�

;

and this has the following formulation

.RC
CFL

4 / S is closed, f is lower semicontinuous, g is C -epi closed and
epi f � C [

z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// � R.

As follows by Theorem 5.5, this regularity condition is weaker than .RCCFL

i /; i 2
f2; 20; 200g. For the problem considered in Example 8.5, none of the regularity condi-
tions given in Section 3 for the primal–dual pair .PC /–.DCFL/ is satisfied, unlike
.RC

CFL

4 /. That .RCCFL

1 /, .RCCFL

3 / and .RCCFL

f in
/ are not fulfilled, is obvious.

Further, since domf �C�epi�C .�g/\.S�Z/ D R�RCC.R��RC/[f.x; y/T 2
R
2 W 0 � x � yg D R � RC, one has that the cone generated by this set is not a

linear subspace and so .RCCFL

2 / (but also .RCCFL

20 / and .RCCFL

200 /) are not valid.

Coming now to .RCCFL

4 /, we see that f � D ıf1g and for all z� � 0 and x� 2 R it
holds

..z�g/C ıS /
�.x�/ D sup

x2R

fhx�; xi � maxfz�x; 0gg

D
�

0; if 0 � x� � z�;
C1; otherwise:

So epif � C[z��0 epi..z�g/CıS /� D f1g�RC C[z��0Œ0; z���RC D Œ1;C1/�
RC and this is a closed set. Consequently, .RCCFL

4 / is verified.

By applying Theorem 6.11, we can characterize (8.5) by means of a refined "-
subdifferential sum formula, without any convexity or topological assumption.

Theorem 8.9. The relation in (8.5) is fulfilled if and only if for all x 2 X and " � 0

one has

@"
�

f C ıfy2S Wg.y/2�C g
�

.x/ D
[

"1;"2;"3�0
"1C"2C"3D"

z�
2C�;0�.z�g/.x/C"3

�

@"1
f .x/C @"2

..z�g/C ıS /.x/
�

:

Remark 8.10. A closedness-type regularity condition for the primal–dual pair
.PC /–.DCF /, where

.DCF / sup
y�2X�

f�f �.y�/ � �A.�y�/g ;

can be obtained directly from the considerations made in Remark 7.8. This looks
like

.RC
CF

4 / f is lower semicontinuous, A is closed and epif � C epi�A
is closed in .X�; !.X�; X// � R,

and it is weaker than .RCCF

i /; i 2 f2; 20; 200g.
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Remark 8.11. Applying Theorem 8.2 for the situation when f is identical to 0, it
yields (see [39] and [85] for the case when S D X )

epi ı�
fy2S Wg.y/2�C g D epi�A D cl!��R

�

[
z�2C�

epi..z�g/C ıS /
�
�

: (8.7)

Thus, by Theorems 7.6 and 8.2, we obtain that

epi
�

f C ı
fy2SWg.y/2�Cg

�
� D cl!�

�R
�

[
z�

2C�

epi.f C .z�g/C ıS /
�

�

D cl!�
�R

�

epif � C epi �A
� D cl!�

�R
�

epif � C cl!�
�R

�

[
z�

2C�

epi..z�g/C ıS /
�

��

(8.8)

D cl!�
�R

�

epif � C [
z�

2C�

epi..z�g/C ıS /
�

�

:

Since

epi
�

f C ıfy2S Wg.y/2�C g
�� � epif � C epi�A � epif � C [

z�2C�

epi..z�g/C ıS /
�;

it yields that .RCCFL

4 / ) .RC
CF

4 /.
On the other hand, since

epi
�

f C ıfy2S Wg.y/2�C g
�� � [

z�2C�

epi.f C .z�g/C ıS /
�

� epif � C [
z�2C�

epi..z�g/C ıS /
�;

one has that .RCCFL

4 / ) .RC
CL

4 /. In the following two examples we present
two situations which illustrate that .RCCF

4 / and, respectively, .RCCL

4 / are not
necessarily equivalent to .RCCFL

4 /.

Example 8.12. Let X D Z D R, C D RC, S D R, f D idR and g.x/ D x2,
x 2 R. In this setting A D f0g, epi�A D R � RC, epif � D f1g � RC and, as
epif � C epi �A D R � RC is closed, .RCCF

4 / is satisfied. On the other hand, for
z� D 0we have epi.z�g/� D f0g�RC, while for z� > 0, epi.z�g/� D [x�2Rfx�g�
h

.x�/2

4z�
;C1

	

. From here we get

epif �C [
z�2C�

epi..z�g/CıS /� D f1g�RCCf0g�RC[
[

x�2R

z�>0

fx�g�



.x�/2

4z� ;C1
�

D f1g � RC C f0g � RC [ R � .0;C1/ D f1g � RC [ R � .0;C1/:

This is not a closed set and, consequently, .RCCFL

4 / is not satisfied.
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Example 8.13. Let X D R
2, Z D R, C D RC, S D f.x1; x2/T 2 R

2 W
2x1 C x22 � 0g, f D ıRC�R and g identical to 0. The set which occurs in the

formulation of .RCCL

4 / is [z�2C� epi.f C .z�g/ C ıS /
� D epi.f C ıS /

� and,
being closed, it follows that this regularity condition is fulfilled. On the other hand
(see Example 6.13),

epif �C [
z�2C�

epi..z�g/CıS /� D epi f �Cepi �S D R��f0g�RCCf.0; 0/T g�RC

[
[

x�

1
>0

x�

2
2R

�

f.x�
1 ; x

�
2 /
T g �




.x�
2 /
2

x�
1

;C1
��

:

The element .0; 1; 0/T , which is in the closure of this set, does not belong to the
set itself, which means that epif � C [z�2C� epi..z�g/ C ıS /

� fails to be closed.
Therefore .RCCFL

4 / is not fulfilled.

Remark 8.14. If f is continuous at some element belonging to dom f \ A, then,
by Theorems 5.5, 7.6 and 7.7 one has for all z� 2 C � that epi.f C .z�g/C ıS /

� D
epif � C epi..z�g/ C ıS /

� and, consequently, [z�2C� epi.f C .z�g/ C ıS /
� D

epif � C [z�2C� epi..z�g/C ıS /
�. Under this assumption, (8.3) is equivalent to

epi f � C [
z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// � R:

This equivalence was proved in [86, Corollary 3.1] in case X is a Fréchet space
(this assumption is actually not necessary). One should notice that, whenever f is
continuous at some element from domf \A, the Lagrange and Fenchel–Lagrange
dual problems of .PC / coincide.

Supposing that g W X ! Z� is continuous at some element belonging to
domf \ S , by the same arguments, one has that [z�2C� epi..z�g/ C ıS /

� D
[z�2C� epi.z�g/� C epi �S and in this case (8.7) becomes (see, for instance, [39,
83, 84, 86])

epi ı�
fy2S Wg.y/2�C g D epi�A D cl!��R

�

[
z�2C�

epi.z�g/� C epi�S

�

:

We always have that

epi ı�
fy2S Wg.y/2�C g � [

z�2C�

epi..z�g/C ıS /
� � [

z�2C�

epi.z�g/� C epi�S (8.9)

and this means that, asking the set [z�2C� epi.z�g/� C epi �S to be closed in
.X�; !.X�; X// � R, the inclusion relations in (8.9) turn out to be equalities. This
condition has been introduced in [84] (see also [39]) and is known in the literature
under the name closed cone constraint qualification .CCCQ/.
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If f is continuous at some element belonging to domf \ A and .CCCQ/
is fulfilled, then epi.f C ıfy2S Wg.y/2�C g/� D epif � C epi �A D epif � C
[z�2C� epi.z�g/� C epi�S , which is nothing else than

epi f � C [z�2C� epi.z�g/� C epi�S is closed in .X�; !.X�; X// � R:

From (8.8), Theorems 7.7, 8.3 and 8.9 one has that, under this assumption, for .PC /
and the three dual problems .DCL/, .DCF / and .DCFL/ strong duality holds. In
fact (see, for instance, [30, 66]) we have

epi f � C [z�2C� epi.z�g/� C epi�S is closed in .X�; !.X�; X// � R:

if and only if for all x� 2 X�

inf
x2S

g.x/2�C

ff .x/ � hx�; xig D max
y� ;u�

2X�

z�
2C�

f�f �.y�/� .z�g/�.u�/ � �S .x� � u� � y�/g:

9 Closedness Regarding a Set

The investigations made in Section 5 make clear that when characterizing the stable
strong duality via a closedness-type regularity condition, one has to assume for the
perturbation function properness, convexity and lower semicontinuity. But there are
a lot of situations when, for example, the lower semicontinuity is missing, like is
the case when dealing with f C g ı h under the assumption that h is (only) C -
epi closed. In this section we propose an approach which turns out to be useful for
giving necessary and sufficient conditions for stable strong duality, even in situations
when Corollary 5.3 is not applicable. We also show how this approach applies to the
composed convex problem in case h fails to be star C -lower semicontinuous, being
only C -epi closed.

For U; V two subsets of the separated locally convex space X we say that U is
closed regarding the set V if U \ V D cl.U / \ V . Obviously, if U is closed, then
U is closed regarding any subset of X . Let Y be another separated locally convex
space. The following theorem extends the assertion in Corollary 5.3.

Theorem 9.1. Let ˆ W X � Y ! R be a proper, convex and lower semicontinuous
function such that 0 2 PrY .domˆ/ and V be a nonempty subset of X�. Then the
following statements are equivalent:

(i) .ˆ.�; 0//�.x�/ D supx2Xfhx�; xi � ˆ.x; 0/g D miny�2Y � ˆ�.x�; y�/
8x� 2V I

(ii) PrX��R.epiˆ�/ is closed regarding the set V � R in .X�; !.X�; X// � R.

Proof. (i) ) (ii) Take an arbitrary .x�; r/ 2 cl!��R .PrX��R.epiˆ�// \ .V � R/.
By applying Theorem 5.2 we obtain that .x�; r/ 2 epi.ˆ.�; 0//� or, equivalently,
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supx2X fhx�; xi � ˆ.x; 0/g � r . By (i), the existence of y� 2 Y � such that
ˆ�.x�; y�/ � r is ensured, hence .x�; r/ 2 PrX��R.epiˆ�/ \ .V � R/ and (ii)
is satisfied.

(ii) ) (i) For the opposite implication we take x� 2 V arbitrary. By applying
the Young–Fenchel inequality it yields

.ˆ.�; 0//�.x�/ � inf
y�2Y �

ˆ�.x�; y�/: (9.1)

In case .ˆ.�; 0//�.x�/ D C1, there is nothing to be proven. So, we suppose that
.ˆ.�; 0//�.x�/ < C1. Taking into consideration that 0 2 PrY .domˆ/, one can
easily see that .ˆ.�; 0//�.x�/ 2 R. By Theorem 5.2 and (ii) follows that

.x�; .ˆ.�; 0//�.x�// 2 epi.ˆ.�; 0//� \ .V � R/ D cl!�
�R

�

PrX�
�R.epiˆ�/

� \ .V � R/

D PrX�
�R.epiˆ�/ \ .V � R/:

Hence there exists Ny� 2 Y � such that ˆ�.x�; Ny�/ � .ˆ.�; 0//�.x�/ and,
by combining this with (9.1), we obtain .ˆ.�; 0//�.x�/ D ˆ�.x�; Ny�/ D
miny�2Y � ˆ�.x�; y�/. The proof is complete.

�

Corollary 5.3 can be seen as a consequence of the previous result when taking
V WD X�. Working with Theorem 9.1 instead of Corollary 5.3 one can generalize
the statements given in Theorems 6.3, 6.9, 7.3, 7.7, 7.11, 7.15, 8.3 and 8.7. We do
so only for Theorem 7.15, as we need this result in the following.

Theorem 9.2. Let fi W X ! R; i D 1; : : : ; m; be proper, convex and lower semi-
continuous functions such that \miD1 domfi ¤ ; and V be a nonempty subset of
X�. Then the following statements are equivalent:

(i)
�Pm

iD1 fi
��
.x�/ D min

˚Pm
iD1 f �

i .x
�
i / W Pm

iD1 x�
i D x�� 8x� 2 V I

(ii)
Pm
iD1 epi f �

i is closed regarding the set V � R in .X�; !.X�; X// � R.

Consider again the setting of Section 6 with X and Z separated locally con-
vex spaces, where Z is partially ordered by the nonempty convex cone C � Z,
f W X ! R a proper, convex and lower semicontinuous function, g W Z ! R a
proper, convex, C -increasing and lower semicontinuous function fulfilling, by con-
vention, g.1C / D C1 and h W X ! Z� D Z [ f1C g a proper and C -convex
functions such that h.domf \ domh/ \ domg ¤ ;. For the latter, we suppose
instead of h star C -lower semicontinuous that h is only C -epi closed. This has as
consequence the fact that the perturbation functions ˆCC1 and ˆCC2 are not nec-
essarily lower semicontinuous. Nevertheless, we are able to give closedness-type
regularity conditions expressed via the notion of closedness regarding the set which
are necessary and sufficient for stable strong duality for f C g ı h.
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To this end, we define F1; F2 W X � Y ! R as being F1.x; y/ D g.y/ and
F2.x; y/ D f .x/C ıf.u;v/2X�Y Wh.u/�v2�C g.x; y/. For all x� 2 X� it holds

.fCgıh/�.x�/ D sup
x2X

fhx�; xi�.fCgıh/.x/g D sup
x2X;y2Y
h.x/�y2�C

fhx�; xi�f .x/�g.y/g

D sup
x2X;y2Y

fhx�; xi � F1.x; y/ � F2.x; y/g D .F1 C F2/
�.x�; 0/: (9.2)

The functions F1 and F2 are proper, convex and lower semicontinuous (notice that
for the lower semicontinuity of F2 it is enough to assume that h is C -epi closed)
fulfilling domF1 \ domF2 ¤ ;. By applying Theorem 9.2 in case m D 2 and
V D X� � f0g � X� � Y � it yields

.F1 C F2/
�.x�; 0/ D min

.u�;v�/2X��Y �

fF �
1 .u

�; v�/C F �
2 .x

� � u�;�v�/g 8x� 2 X�

if and only if

epiF �
1 C epiF �

2 is closed regarding the set X� � f0g � R in
.X�; !.X�; X// � .Y �; !.Y �; Y // � R:

For .u�; v�/ 2 X� � Y � we have

F �
1 .u

�; v�/ D sup
x2X

hu�; xi C sup
y2Y

fhv�; yi � g.y/g D
�

g�.v�/; if u� D 0;

C1; otherwise

and

F �
2 .u

�; v�/ D sup
x2X;y2Y;
h.x/�y2�C

˚hu�; xi C hv�; yi � f .x/
� D sup

x2X;z2�C
fhu�; xi

Chv�; h.x/ � zi � f .x/g D
�

.f C .�v�h//�.u�/; if v� 2 �C �;
C1; otherwise:

Thus epiF �
1 D f0g�epig� and epiF �

2 D [z�2C�f.x�;�z�; r/ W .x�; r/ 2 epi.f C
.z�h//�g and the equivalence from above leads to the following result (see also [29]).

Theorem 9.3. We have

.f C g ı h/�.x�/ D min
z�2C�

fg�.z�/C .f C .z�h//�.x�/g 8x� 2 X�

if and only if

f0g � epig� C [
z�2C�

f.x�;�z�; r/ W .x�; r/ 2 epi.f C .z�h//�g is closed

regarding the set X� � f0g � R in .X�; !.X�; X// � .Y �; !.Y �; Y // � R:
(9.3)
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Remark 9.4. For the primal–dual pair .PCC / � .DCC1/, one can formulate, by
taking into consideration the statement above, a further closedness-type regularity
condition

.RC
CC1

4 / f and g are lower semicontinuous, h is C -epi closed and
f0g � epig� C [

z�2C�

f.x�;�z�; r/ W .x�; r/ 2 epi.f C .z�h//�g is

closed regarding the set X� � f0g � R in .X�; !.X�; X//�
.Y �; !.Y �; Y // � R.

Noticing that for the same primal–dual pair in [58] the following generalized interior
point regularity condition has been considered

.RC
CC1

2 / X and Y are Fréchet spaces, f and g are lower semicontinuous,
h is C -epi closed and 0 2 sqri.domg � h.domf \ domh//.

By [58, Theorem 3.4] and Theorem 9.3 it follows that .RC
CC1

2 / ) .RC
CC1

4 /. In

fact, if .RC
CC1

2 / is fulfilled, then f0g � epig� C [z�2C�f.x�;�z�; r/ W .x�; r/ 2
epi.f C .z�h//�g is not only closed regarding the set X� �f0g�R, but even closed.

For the problem considered in Example 6.5, one can easily notice that .RC
CC1

2 / is

not fulfilled, while .RC
CC1

4 / is satisfied. Indeed, the set

f0g � epig� C [
z�2C�

f.x�;�z�; r/ W .x�; r/ 2 epi.f C .z�h//�g

D f0g � R� � RC C [
z�2R

Œz�;C1/ � f�z�g � RC D R � R � RC

is closed and, consequently, closed regarding R � f0g � R.

Let us also mention that from Theorem 9.3 it follows that the statement in (9.3)
is a necessary and sufficient condition for the "-subdifferential sum formula given
in Theorem 6.6. This improves and extends the assertion in [58, Corollary 3.6].

We stay in the same setting and consider the functions G1; G2 W X � Y ! R

defined by G1.x; y/ D f .x/ and G2.x; y/ D ıf.u;v/2X�Y Wh.u/�v2�C g.x; y/. As
F2 D G1CG2 for all x� 2 X�, it holds .f Cgıh/�.x�/ D .F1CG1CG2/�.x�; 0/.
The functions G1 and G2 are proper, convex and lower semicontinuous and fulfill
domF1 \ domG1 \ domG2 ¤ ;. By applying again Theorem 9.2 we obtain

.F1 CG1 CG2/
�.x�; 0/ D min

.u�

1
;v�

1
/;.u�

2
;v�

2
/2X��Y �

fF �
1 .u

�
1; v

�
1/

CG�
1 .u

�
2; v

�
2/CG�

2 .x
� � u�

1 � u�
2;�v�

1 � v�
2/g 8x� 2 X�

if and only if

epiF �
1 C epiG�

1 C epiG�
2 is closed regarding the set X� � f0g � R in

.X�; !.X�; X// � .Y �; !.Y �; Y // � R:
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For .u�; v�/ 2 X� � Y � it holds

G�
1 .u

�; v�/ D
�

f �.u�/; if v� D 0;

C1; otherwise;

and

G�
2 .u

�; v�/ D
�

.�v�h/�.u�/; if v� 2 �C �;
C1; otherwise

and so epiG�
1 D f.x�; 0; r/ W .x�; r/ 2 epi f �g and epiG�

2 D [z�2C�f.x�;�z�; r/ W
.x�; r/ 2 epi.z�h/�g. Now we can formulate the following result (see also [29]).

Theorem 9.5. We have

.f Cgıh/�.x�/ D min
y�

2X�;z�
2C�

˚

g�.z�/C f �.y�/C .z�h/�.x� � y�/
� 8x� 2 X�

if and only if

f0g � epig� C f.x�; 0; r/ W .x�; r/ 2 epif �g
C [

z�2C�

f.x�;�z�; r/ W .x�; r/ 2 epi.z�h/�g is closed regarding the set

X� � f0g � R in .X�; !.X�; X// � .Y �; !.Y �; Y // � R:

(9.4)

Remark 9.6. As in Remark 9.4, one can give also for the primal–dual pair .PCC /�
.DCC2/ a second closedness-type regularity condition, which is applicable in case
h is C -epi closed,

.RC
CC2

4 / f and g are lower semicontinuous, h is C -epi closed and
f0g � epig� C f.x�; 0; r/ W .x�; r/ 2 epif �g C [

z�2C�

f.x�;�z�; r/ W
.x�; r/ 2 epi.z�h/�g is closed regarding the set X� � f0g � R

in .X�; !.X�; X// � .Y �; !.Y �; Y // � R.

Since

epi.F1 C F2/
� D cl!�

�!�
�R.epiF �

1 C epiF �

2 / D cl!�
�!�

�R.epiF �

1 C epiG�

1 C epiG�

2 /

	 epiF �

1 C epiF �

2 	 epiF �

1 C epiG�

1 C epiG�

2 ;

it follows that if .RC
CC2

4 / is fulfilled, then .RC
CC1

4 / is also verified. For the prob-

lem in Example 6.13, we have that .RC
CC1

2 / holds, which is easily verifiable, and

so .RC
CC1

4 / is satisfied. On the other hand, as proved, (6.7) is not valid and the
same applies, as follows from Theorem 9.5, for (9.4). Therefore, we have a situation

where, unlike .RC
CC1

4 /, .RC
CC2

4 / is not satisfied.
By the same arguments as in Remark 9.4, one has that the statement in (9.4) is

a necessary and sufficient condition for the "-subdifferential formula provided in
Theorem 6.11.
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Remark 9.7. When X and Y are separated locally convex spaces, f W X ! R and
g W Y ! R are proper, convex and lower semicontinuous functions andA W X ! Y

is a linear continuous operator fulfilling A.domf / \ domg ¤ ;, then by taking
Z D Y , C D f0g and h W X ! Y , h.x/ D Ax, the statements in (9.3) and (9.4)
provide equivalent characterizations for the conjugate formula of f C g ı A and
collapse to (cf. [29])

epif � C .A� � idR/.epig�/ is closed in .X�; !.X�; X// � R;

which is exactly the necessary and sufficient condition introduced in Section 7 for
stable strong duality for .PA/ and .DA/.

Now consider X and Z separated locally convex spaces, where Z is partially
ordered by the nonempty convex cone C � Z, S � X a nonempty convex and
closed set, f W X ! R a proper, convex and lower semicontinuous function and
g W X ! Z� a proper, C -convex and C -epi closed function such that domf \ S \
g�1.�C/ ¤ ;. Taking h W X ! Z� as

h.x/ D
�

g.x/; if x 2 S;
1C ; otherwise;

the statements in (9.3) and (9.4) furnish equivalent characterizations for the conju-
gate formulae of f C ıfy2S Wg.y/2�C g and are nothing else than (cf. [24])

[
z�2C�

epi.f C .z�g/C ıS /
� is closed in .X�; !.X�; X// � R

and

epif � C [
z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// � R;

respectively. These are exactly the necessary and sufficient conditions introduced in
Section 8 for stable strong duality for .PC / and its Lagrange and Fenchel–Lagrange
dual problem, respectively.

Remark 9.8. In this section, as well as in Section 6, we equivalently characterize the
relations in (6.3) and, respectively, (6.7) by some geometric conditions involving
epigraphs. The discussion will be further carried on only for the formula (6.3), as
for (6.7) the things work similarly.

In Section 6 we proved, under the assumption that h is star C -lower semicontin-
uous, that (6.3) is valid if and only if

M WD [
z�2domg�

..0; g�.z�//Cepi.f C .z�h//�/ is closed in .X�; !.X�; X// � R:

In this section, by relaxing the star C -lower semicontinuity for h to C -epi closed-
ness, we equivalently characterize (6.3) by another condition, namely,
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N WD f0g � epig� C [
z�2C�

f.x�;�z�; r/ W .x�; r/ 2 epi.f C .z�h//�g is closed

regarding the set X� � f0g � R in .X�; !.X�; X// � .Y �; !.Y �; Y // � R:

For all .x�; r/ 2 X� � R one has that .x�; 0; r/ 2 N \ .X� � f0g � R/ if and only
if .x�; r/ 2 M and thus M is closed if and only if N \ .X� � f0g � R/ is closed.
On the other hand, one has

N \ .X� � f0g � R/ � cl!��!��R.N \ .X� � f0g � R//

� cl!��!��R.N / \ .X� � f0g � R/:

Therefore, whenever N is closed regarding the setX��f0g�R in.X�; !.X�; X//�
.Y �; !.Y �; Y // � R, then one has that M is closed in .X�; !.X�; X// � R. This
means that by strengthening the initial topological assumption on the function h,
by taking h star C -lower semicontinuous, we obtain that (6.3) is equivalent to a
condition that is implied by the one stated in case h is C -epi closed. Thus one
loses something by restricting the hypotheses, but there is a gain in the regularity
condition which equivalently characterizes (6.3). Therefore it is up to the user to
decide what is more important in each specific situation: weaker hypotheses on h or
weaker regularity conditions.

Noticing that a similar discussion can also be made for (6.7), we state the
following open problem.

Open problem 9.9 Do there exist X andZ separated locally convex spaces, where
Z is partially ordered by the nonempty convex cone C � Z, a proper, convex and
lower semicontinuous function f W X ! R, a proper, convex, C -increasing and
lower semicontinuous function g W Z ! R fulfilling, by convention, g.1C / D
C1 and a proper, C -convex and C -epi closed function h W X ! Z� D Z [ f1C g
such that h.domf \ domh/ \ domg ¤ ;, which is not star C -lower semi-
continuous, such that (6.3) (or (6.7)) is fulfilled, but (9.3) (or, respectively, (9.4))
fails?

We conclude the section by making some investigations on a further situation for
which the notion closed regarding a set turns out to be useful when characterizing
stable strong duality. To this end, we considerX and Y two separated locally convex
spaces, g W Y ! R a proper, convex and lower semicontinuous function and C W
X ⇒ Y a convex closed process. We recall that a process is a multifunction C W
X ⇒ Y , the graph of which, G.C/ D f.x; y/ 2 X � Y W y 2 C.x/g, is a cone.
When G.C/ is convex or closed we say that C is a convex process or closed process,
respectively. The adjoint of the process C is the process C� W Y � ⇒ X� defined as
G.C�/ D f.y�; x�/ 2 Y � � X� W .�x�; y�/ 2 .G.C//�g. C� is a convex process
which is closed in .X�; !.X�; X//�.Y �; !.Y �; Y //. We also assume that domg\
R.C/ ¤ ;, where R.C/ D [x2X C.x/ is the range of C.

Consider the function ' W X ! R, '.x/ D inffg.y/ W y 2 C.x/g, which we
call infimal value function of ' through the convex process C. For all x� 2 X� the
conjugate of this function looks like
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'�.x�/ D sup
x2X;y2Y
.x;y/2G.C/

fhx�; xi � g.y/g D sup
x2X;y2Y

fhx�; xi � g.y/ � ıG.C/.x; y/g:

Defining F1; F2 W X � Y ! R by F1.x; y/ D g.y/ and F2.x; y/ D ıG.C/.x; y/, it
follows that for all x� 2 X� '�.x�/ D .F1CF2/�.x�; 0/. The functionsF1 and F2
are proper, convex and lower semicontinuous and the intersection of their domains
is nonempty. Therefore, by Theorem 9.2, one has that for all x� 2 X�

.F1 C F2/
�.x�; 0/ D min

.u�;v�/2X��Y �

fF �
1 .u

�; v�/C F �
2 .x

� � u�;�v�/g 8x� 2 X�

(9.5)
if and only if

epiF �
1 C epiF �

2 is closed regarding the set X� � f0g � R in
.X�; !.X�; X// � .Y �; !.Y �; Y // � R:

For .u�; v�/ 2 X� � Y � we have

F �
1 .u

�; v�/ D
�

g�.v�/; if u� D 0;

C1; otherwise;

and

F �
2 .u

�; v�/ D
�

0; if .�u�;�v�/ 2 .G.C//�;
C1; otherwise

and so, the equality in (9.5) is nothing else than

'�.x�/ D min
v�2Y �

fg�.v�/ W .�x�; v�/ 2 .G.C//�g

D min
v�2Y �

fg�.v�/ W .v�; x�/ 2 G.C�/g D min
v�2Y �

fg�.v�/ W x� 2 C�.v�/g 8x� 2 X�:

This leads to the following statement.

Theorem 9.10. We have

'�.x�/ D min
v�2Y �

fg�.v�/ W x� 2 C�.v�/g 8x� 2 X� (9.6)

if and only if

f0g � epig� � .G.C//� � R� is closed regarding the set X� � f0g � R

in .X�; !.X�; X// � .Y �; !.Y �; Y // � R:
(9.7)

Remark 9.11. Different sufficient conditions which ensure formula (9.6) have been
given in [127, Theorem 2.8.6]. In case A W X ! Y is a linear continuous operator
and C is defined as C.x/ D fAxg, x 2 X , then ' turns out to be g ı A, while the
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equivalence in Theorem 9.10 becomes

.g ı A/�.x�/ D min
y�2Y �;x�DA�y�

fg�.y�/g 8x� 2 X�

if and only if

.A� � idR/.epig�/ is closed in .X�; !.X�; X// � R:

In this way, we rediscover the statement of Theorem 7.11.



Chapter III
Biconjugate Functions

10 The Biconjugate of a General Perturbation Function

As follows from the Fenchel–Moreau Theorem, when the dual of a normed space
X is endowed with the weak� topology, the biconjugate of a proper, convex and
lower semicontinuous function defined onX coincides with the function itself. This
is not necessarily the case when X� is endowed with the strong topology. Working
in the latter setting, we give in this chapter formulae for the biconjugates for some
classes of functions, which appear in the convex optimization, that hold provided
the validity of some suitable regularity conditions.

Consider X a normed space with the norm k � k and X� its topological dual
space, the norm of which being denoted by k � k�. On this space we work with
three topologies, namely the strong one induced by k � k� which attaches X�� as
dual to X�, the weak� one induced by X on X�, !.X�; X/, which makes X to be
the dual of X� and the weak one induced by X�� on X�, !.X�; X��/, that is the
weakest topology on X� which attaches X�� as dual to X�. We specify each time
when a weak topology is used, otherwise the strong one is considered. Like in the
previous section, for sets and functions the closures and the lower semicontinuous
hulls, respectively, in the weak� topologies are denoted by cl!� , while the ones in
the weak topologies are denoted by cl! . A normed space X can be identified with
a subspace of X��, and we denote bybx the canonical image in X�� of the element
x 2 X , i.e. hbx; x�i D hx�; xi for all x 2 X and x� 2 X�, where by h�; �i we denote
the duality product in both X� � X and X�� � X�. For U � X denote also bU D
fbx W x 2 U g. In this setting, when f W X ! R is a given function, its biconjugate
f �� W X�� ! R is defined by f ��.x��/ D supfhx��; x�i � f �.x�/ W x� 2 X�g.

For the beginning we prove the following preliminary result.

Lemma 10.1. Let X be a normed space and let the convex function f W X ! R

have a nonempty domain. To f we attach the function

bf W X�� ! R; bf .x��/ D
�

f .x/; if x�� D bx;

C1; otherwise:

If cl!�
bf is proper, then f �� D cl!�

bf .

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 3,
c� Springer-Verlag Berlin Heidelberg 2010
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Proof. Fix an x�� 2 X��. Then one has

f ��.x��/ D sup
x�2X�

fhx��; x�i � f �.x�/g D sup
x�2X�;r2R

r�f �.x�/

fhx��; x�i � rg

D sup
x�2X�;r2R

f.y/�hx�;yi�r 8y2X
fhx��; x�i � rg D sup

x�2X�;r2R

bf .y��/�hy��;x�i�r 8y��2X

fhx��; x�i � rg

D sup
x�2X�;r2R

cl!�
bf .y��/�hy��;x�i�r 8y��2X��

fhx��; x�i � rg D cl!�
bf .x��/:

Having the assumed properness and the obvious convexity of cl!�
bf , which is

also !�.X��; X�/-lower semicontinuous, we use here that it coincides with the
pointwise supremum of the set of its affine minorants (see [67]). �

The following corollary, which follows as a particular case of Lemma 10.1, was
proved in [55, Section 4].

Corollary 10.2. IfX is a normed space, for a nonempty convex set U � X one has
.ıU /

�� D ıcl!� .bU/
:

Consider Y another normed space and let Y � be its topological dual. Since there
is no possibility of confusion, we denote the norms onX and Y by k � k and the ones
on their duals by k � k�. We have the following general result (see [21]).

Theorem 10.3. Let ˆ W X � Y ! R be a proper and convex function such
that 0 2 PrY .domˆ/. Then .ˆ.�; 0//�� � ˆ��.�; 0/. If ˆ is also lower semi-
continuous, then .ˆ.�; 0//�� D ˆ��.�; 0/ if and only if cl!�

�

infy�2Y � ˆ�.�; y�/
�

D cl
�

infy�2Y � ˆ�.�; y�/
�

.

Proof. The first inequality follows from .ˆ.�; 0//� � infy�2Y � ˆ�.�; y�/, by con-
sidering the conjugates of these two functions. Take ˆ moreover lower semicontin-
uous. Then, using Theorem 5.1, one gets

.ˆ.�; 0//� D cl!�

�

inf
y�2Y �

ˆ�.�; y�/
�

� cl!

�

inf
y�2Y �

ˆ�.�; y�/
�

D cl

�

inf
y�2Y �

ˆ�.�; y�/
�

� inf
y�2Y �

ˆ�.�; y�/;

from which, by considering the conjugates and taking into consideration that a
function and its closure have the same conjugate, follows

.ˆ.�; 0//�� D
�

cl!�

�

inf
y�2Y �

ˆ�.�; y�/
���

�
�

cl

�

inf
y�2Y �

ˆ�.�; y�/
���
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D
�

inf
y�2Y �

ˆ�.�; y�/
��

D ˆ��.�; 0/:

It is straightforward that if the closure of infy�2Y � ˆ�.�; y�/ coincides with its
weak� closure one gets .ˆ.�; 0//�� D ˆ��.�; 0/. Assume now this equality true.
Then by the previous relation we have

�

cl!�

�

inf
y�2Y �

ˆ�.�; y�/
���

D
�

cl

�

inf
y�2Y �

ˆ�.�; y�/
���

;

followed by

�

cl!�

�

inf
y�

2Y �

ˆ�.
; y�/

��
��

.x���/ D
�

cl

�

inf
y�

2Y �

ˆ�.
; y�/

��
��

.x���/ 8x��� 2 X���:

(10.1)

The weak� closure of infy�2Y � ˆ�.�; y�/ is proper and convex (see, for instance,
the proof of Theorem 5.1) and also weak� lower semicontinuous, which yields
that it is lower semicontinuous, too. On the other hand, cl

�

infy�2Y � ˆ�.�; y�/
�

is
convex and lower semicontinuous and also proper because it is greater than or
equal to the proper function cl!�

�

infy�2Y � ˆ�.�; y�/
�

and if it would be every-
where equal to C1 then ˆ� would be everywhere C1, too. But when this
happens, then for all x 2 X ˆ.x; 0/ D ˆ��.bx; 0/ D �1, which contradicts
the properness of ˆ. By the Fenchel–Moreau Theorem we obtain for all x� 2
X� that

�

cl!�

�

infy�2Y � ˆ�.�; y�/
����

.cx�/ D cl!�

�

infy�2Y � ˆ�.�; y�/
�

.x�/ and
�

cl
�

infy�2Y � ˆ�.�; y�/
����

.cx�/ D cl
�

infy�2Y � ˆ�.�; y�/
�

.x�/ 8x� 2 X�.
Finally, (10.1) yields cl!�

�

infy�2Y � ˆ�.�; y�/
� D cl

�

infy�2Y � ˆ�.�; y�/
�

. �

Theorem 10.4. Letˆ W X �Y ! R be a proper, convex and lower semicontinuous
function such that 0 2 PrY .domˆ/. If one of the following conditions:

(i) PrX��R.epiˆ�/ is closed in .X�; !.X�; X// � R;
(ii) X and Y are Banach spaces and 0 2 sqri.PrY .domˆ//;

is satisfied, then .ˆ.�; 0//�� D ˆ��.�; 0/.
Proof. By Theorem 5.5 it follows that (ii) implies (i), which is nothing else than (cf.
Corollary 5.3) .ˆ.�; 0//�.x�/ D miny�2Y � ˆ�.x�; y�/ for all x� 2 X�. From (5.1)
it follows that

cl!�

�

inf
y�2Y �

ˆ�.�; y�/
�

D cl

�

inf
y�2Y �

ˆ�.�; y�/
�

D inf
y�2Y �

ˆ�.�; y�/

and Theorem 10.3 leads to the desired conclusion. �
Remark 10.5. One should notice that for proving relation .ˆ.�; 0//�� � ˆ��.�; 0/
in Theorem 10.3, we use neither the properness nor the convexity assumed for ˆ.
On the other hand, since the epigraph of the closure of the infimal value function of
ˆ� coincides with the closure of the projection of epiˆ� on X� � R, the equalities
in Theorem 10.3 are further equivalent to
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cl!��R
�

PrX��R.epi.ˆ�/
� D cl

�

PrX��R.epi.ˆ�//
�

:

Notice also that, renouncing in Theorem 10.4 the lower semicontinuity assumption
for ˆ, but asking instead that the regularity conditions .RCˆ1 / is fulfilled, one gets
the same conclusion.

11 Biconjugates Formulae for Different Classes
of Convex Functions

We give in this section formulae for the biconjugate functions of some functions
that appear often in convex optimization by deducing them from the general results
provided in Section 10. The convex functions we investigate here are the ones for
which we have given in Sections 6–8 generalized Moreau–Rockafellar results.

We start by considering the proper and convex functions f W X ! R and
g W Y ! R and the linear continuous operator A W X ! Y fulfilling the fea-
sibility condition A.domf / \ domg ¤ ;. We are interested in giving a formula
for the biconjugate of the function f C g ı A. In order to do this, we take again
as perturbation function ˆA W X � Y ! R, ˆA.x; y/ D f .x/ C g.Ax C y/.
By (2.1), the conjugate of ˆA is .ˆA/� W X� � Y � ! R, .ˆA/�.x�; y�/ D
f �.x� � A�y�/ C g�.y�/. After a simple calculation, its biconjugate turns out
to be

.ˆA/��.x��; y��/ W X�� � Y �� ! R; .ˆA/��.x��; y��/

D f ��.x��/C g��.A��x�� C y��/:

It holds PrY .domˆA/ D domg�A.domf / (cf. Section 2), infy�2Y �.ˆA/�.�; y�/ D
f ��A�g� and PrX��R.epi.ˆA/�/ D epif � C .A� � idR/.epig�/ (cf. Section 7)
and so, from Theorems 10.3 and 10.4, we get the following statement.

Theorem 11.1. One always has .f C g ıA/�� � f �� C g�� ıA��. Assuming the
additional hypothesis

.HA/ f and g are lower semicontinuous

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cl!�.f ��A�g�/ D cl.f ��A�g�/. Under .HA/, if one of the following
conditions:

(i) epi f � C .A� � idR/.epig�/ is closed in .X�; !.X�; X// � R;
(ii) X and Y are Banach spaces and 0 2 sqri.domg � A.domf //;

is satisfied, then .f C g ı A/�� D f �� C g�� ı A��.

When taking X DY and AD idX we obtain the following statement as a
particular case of the previous theorem.
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Theorem 11.2. One always has .f Cg/�� � f �� Cg��. Assuming the additional
hypothesis

.H id/ f and g are lower semicontinuous

fulfilled, it follows that the inequality above is always fulfilled as equality if and only
if cl!�.f ��g�/ D cl.f ��g�/. Under .H id/, if one of the following conditions:

(i) epi f � C epig� is closed in .X�; !.X�; X// � R;
(ii) X is a Banach space and 0 2 sqri.domg � domf /;

is satisfied, then .f C g/�� D f �� C g��.

Assuming in Theorem 11.1 that f is identical to 0 we obtain the following
assertion.

Theorem 11.3. One always has .g ı A/�� � g�� ı A��. Assuming the additional
hypothesis

.HAg / g is lower semicontinuous

fulfilled, it follows that the inequality above is always fulfilled as equality if and only
if cl!�.A�g�/ D cl.A�g�/. Under .HAg /, if one of the following conditions:

(i) .A� � idR/.epig�/ is closed in .X�; !.X�; X// � R;
(ii) X and Y are Banach spaces and 0 2 sqri.domg � R.A//;

is satisfied, then .g ı A/�� D g�� ı A��.

For m � 2 considering fi W X ! R, i D 1; : : : m, proper and convex func-
tions fulfilling \miD1 domfi ¤ ;, Y D Xm, g W Xm ! R, g.x1; : : : ; xm/ D
Pm
iD1 fi .xi / and A W X ! Xm, Ax D .x; : : : ; x/, one has (cf. Sections 2

and 7) domg � R.A/ D Qm
iD1 domfi � �Xm , A�g� D f �

1 � : : :�f �
m and

.A� � idR/.epig�/ D Pm
iD1 epif �

i . Moreover, g��..x1/��; : : : ; .xm/��/ D
Pm
iD1 f ��

i ..xi /��/ and A��.x��/ D .x��; : : : ; x��/. Theorem 11.3 leads to the
following result.

Theorem 11.4. One always has .
Pm
iD1 fi /�� � Pm

iD1 f ��
i . Assuming the addi-

tional hypothesis

.H†/ fi is lower semicontinuous, i D 1; : : : ; m,

fulfilled, it follows that the inequality above is always fulfilled as equality if and only
if cl!� .f �

1 � : : :�f �
m/ D cl.f �

1 � : : :�f �
m/. Under .H†/, if one of the following

conditions:

(i)
m
P

iD1
epif �

i is closed in .X�; !.X�; X// � R;

(ii) X is a Banach space and 0 2 sqri

�

m
Q

iD1
domfi ��Xm

�

;

is satisfied, then .
Pm
iD1 fi /�� D Pm

iD1 f ��
i .
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One can notice that in the last three theorems we rediscover and partially extend
some results given in [129]. The statement proved in Theorem 11.2(ii), namely that
whenX is a Banach space, f; g W X ! R are proper, convex and lower semicontinu-
ous functions fulfilling 0 2 sqri.domg�domf /, one has .f Cg/�� D f ��Cg�� is
well-known in the literature (see [71]). Rockafellar has used in [114, Proposition 1]
the equality .f C g/�� D f �� C g��, when proving that the subdifferential of a
proper, convex and lower semicontinuous function on X is maximal monotone.

The setting we consider next is the following: X and Z are separated locally
convex spaces, where Z is partially ordered by the nonempty convex cone C � Z,
S � X is a nonempty and convex set, f W X ! R a proper and convex func-
tion and g W X ! Z� a proper and C -convex function such that domf \ S \
g�1.�C/ ¤ ;. We take for ˆ the three perturbation functions which provided
the Lagrange, Fenchel and Fenchel–Lagrange dual problems to .PC /. We start with
ˆCL W X�Z ! R,ˆCL.x; z/ D f .x/Cıfu2S Wg.u/2z�C g.x/. By (3.1), its conjugate
is .ˆCL/� W X� �Z� ! R,

.ˆCL/�.x�; z�/ D
�

.f C ..�z�/g/C ıS /
�.x�/; if z� 2 �C �;
C1; otherwise:

Further, one can determine the second conjugate ofˆCL , which is .ˆCL/�� W X�� �
Z�� ! R,

.ˆCL/��.x��; z��/ D sup
z�2C�

f�hz��; z�i C .f C .z�g/C ıS /
��.x��/g:

We found out that PrZ.domˆCL/ D g.domf \ S domg/ C C (cf. Section 3),
infz�2Z�.ˆCL/�.�; z�/ D infz�2C�.f C .z�g/ C ıS /

� and PrX��R.epi.ˆCL/�/ D
[z�2C� epi.f C .z�g/C ıS /

� (cf. Section 8) and Theorem 10.3 and, consequently,
Theorem 10.4 furnish the following result.

Theorem 11.5. One always has .f C ıA/�� � supz�2C�.f C .z�g/ C ıS /
��.

Assuming the additional hypothesis

.HCL/ S is closed, f is lower semicontinuous and g is C -epi closed

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cl!�.infz�2C�.f C .z�g/C ıS /

�/ D cl.infz�2C�.f C .z�g/C ıS /
�/. Under

.HCL/, if one of the following conditions:

(i) [
z�2C�

epi.f C .z�g/C ıS /
� is closed in .X�; !.X�; X// � R;

(ii) X and Z are Banach spaces and 0 2 sqri.g.domf \ S \ domg/C C/;

is satisfied, then .f C ıA/�� D supz�2C�.f C .z�g/C ıS /
��.

ConsideringˆCF W X�X ! R,ˆCF .x; y/ D f .xCy/CıA.x/, as perturbation
function, one can employ Corollary 10.2 and Theorem 11.2 for obtaining another
formula for the biconjugate of f C ıA.
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Theorem 11.6. One always has .f C ıA/�� � f �� C ıcl!� . bA/. Assuming the
additional hypothesis

.HCF / f is lower semicontinuous and A is closed

fulfilled, it follows that the inequality above is always fulfilled as equality if and only
if cl!�.f ���A/ D cl.f ���A/. Under .HCF /, if one of the following conditions:

(i) epi f � C epi �A is closed in .X�; !.X�; X// � R;
(ii) X is a Banach space and 0 2 sqri.domf � A/;
is satisfied, then .f C ıA/�� D f �� C ıcl!� . bA/.

If we want to separate f from g in the formula of .f C ıA/��, a good choice is
to consider the perturbation function ˆCFL W X � X � Z ! R, ˆCFL.x; y; z/ D
f .xCy/C ıfu2S Wg.u/2z�C g.x/, which leads to the Fenchel–Lagrange dual problem
to .PC /. Its conjugate .ˆCFL/� W X� �X� �Z� ! R is (cf. (3.3)),

.ˆCFL/�.x�; y�; z�/ D
�

f �.y�/C ...�z�/g/C ıS /
�.x� � y�/; if z� 2 �C �;

C1; otherwise;

while its second conjugate .ˆCFL/�� W X�� �X�� �Z�� ! R turns out to be

.ˆCFL/��.x��; y��; z��/ D f ��.x��Cy��/C sup
z�2C�

f�hz��; z�iC..z�g/CıS /��.x��/g:

For the next theorem, we take into consideration the fact thatPrY�Z.domˆCFL/D
domf � C � epi.�C/.�g/ \ .S � Z/ (cf. Section 3), infy�2X�;z�2Z�.ˆCFL/�
.�; y�; z�/ D infz�2C� f ��..z�g/ C ıS /

� and PrX��R.epi.ˆCFL/�/ D epif � C
[z�2C� epi..z�g/C ıS /

� (cf. Section 8) and obtain via Theorems 10.3 and 10.4 the
following result.

Theorem 11.7. One always has .f C ıA/�� � f �� C supz�2C�..z�g/ C ıS /
��.

Assuming the additional hypothesis .HCL/ fulfilled, it follows that the inequality
above is always fulfilled as equality if and only if cl!� .infz�2C� f ��..z�g/ C
ıS /

�/ D cl.infz�2C� f ��..z�g/ C ıS /
�/. Under .HCL/, if one of the following

conditions:

(i) epi f � C [
z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// �R;

(ii) X and Z are Banach spaces and
0 2 sqri

�

domf � C � epi.�C/.�g/ \ .S �Z/�;
is satisfied, then .f C ıA/�� D f �� C supz�2C�..z�g/C ıS /

��.

We close the section by giving formulae for the biconjugate of the composed
convex function f Cg ıh, by working in the same framework as in Section 4, more
precisely by considering X and Z be separated locally convex spaces, where Z is
partially ordered by the nonempty convex cone C � Z, f W X ! R a proper and
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convex function, g W Z ! R a proper, convex and C -increasing function fulfilling,
by convention, g.1C / D C1 and h W X ! Z� D Z [ f1C g a proper and
C -convex function such that h.domf \ domh/\ domg ¤ ;.

We take first as perturbation function ˆCC1 W X � Z ! R, ˆCC1.x; z/ D
f .x/C g.h.x/C z/. Its conjugate is (cf. (4.1)) .ˆCC1/� W X� �Z� ! R,

.ˆCC1/�.x�; z�/ D
�

g�.z�/C .f C .z�h//�.x�/; if z� 2 C �;
C1; otherwise;

and from here one obtains for the biconjugate ofˆCC1 , .ˆCC1/�� W X�� �Z�� !
R, the following expression

.ˆCC1/��.x��; z��/ D sup
x�2X�

z�2domg�

fhx��; x�iChz��; z�i�g�.z�/�.f C.z�h//�.x�/g

D sup
z�2domg�

fhz��; z�i � g�.z�/C .f C .z�h//��.x��/g:

As we have seen in the previous section, PrZ.domˆCC1/ D domg � h.domf \
domh/ (cf. Section 4), infz�2Z�.ˆCC1/�.�; z�/D infz�2C�fg�.z�/C.fC.z�h//�.�/g
and PrX��R.epi.ˆCC1/�/ D [z�2domg�..0; g�.z�// C epi.f C .z�h//� (cf. Sec-
tion 6). Moreover, in case f and g are lower semicontinuous and h is star C -lower
semicontinuous, the perturbation function ˆCC1 turns out to be lower semicontin-
uous, too (see Section 4). Consequently, by Theorems 10.3 and 10.4, we obtain the
following statement concerning .f C g ı h/��.

Theorem 11.8. One always has

.f C g ı h/�� � sup
z�2domg�

f�g�.z�/C .f C .z�h//��.�/g:

Assuming the additional hypothesis
.HCC / f and g are lower semicontinuous and h is star C -lower semicontinuous
fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if

cl!�

�

inf
z�2C�

fg�.z�/C.f C.z�h//�.�/g
�

D cl

�

inf
z�2C�

fg�.z�/C.f C.z�h//�.�/g
�

:

Under .HCC /, if one of the following conditions:

(i) [z�2domg�..0; g�.z�//C epi.f C .z�h//�/ is closed in .X�; !.X�; X// �R;
(ii) X and Z are Banach spaces and 0 2 sqri.domg � h.domf \ domh//;

is satisfied, then .f C g ı h/�� D supz�2domg�f�g�.z�/C .f C .z�h//��.�/g.
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If we want to have f separated from h in the formula of the biconjugate, the
perturbation function ˆCC2 W X � X � Z ! R, ˆCC2.x; y; z/ D f .x C y/ C
g.h.x/ C z/, can be considered. Its conjugate is (cf. (4.2)) .ˆCC1/� W X� � X� �
Z� ! R

.ˆCC2/�.x�; y�; z�/ D
�

g�.z�/C f �.y�/C .z�h/�.x� � y�/; if z� 2 C �;
C1; otherwise;

while its biconjugate .ˆCC2/�� W X�� �X�� �Z�� ! R turns out to be

.ˆCC2/��.x��; y��; z��/ D sup
x�;y�

2X�

z�
2domg�

fhx��; x�iChy��; y�iChz��; z�i�g�.z�/�f �.y�/

�.z�h/�.x� �y�/g D f ��.x�� Cy��/C sup
z�

2dom g�

fhz��; z�i�g�.z�/C.z�h/��.x��/g:

In this case, we have PrX�Z.domˆCC2/ D domf � domg � epiC h (cf. Sec-
tion 4), infy�2X�;z�2Z� .ˆCC2/�.�; y�; z�/ D infz�2C�fg�.z�/ C f ��.z�h/�.�/g
and PrX��R.epi.ˆCC2/�/D epif � C [z�2domg�..0; g�.z�//C epi.z�h/� (cf. Sec-
tion 6). Noticing also that under .HCC / ˆCC2 is lower semicontinuous we obtain
the following result.

Theorem 11.9. One always has

.f C g ı h/�� � f �� C sup
z�2domg�

f�g�.z�/C .z�h/��.�/g:

Assuming the additional hypothesis .HCC / fulfilled, it follows that the inequality
above is always fulfilled as equality if and only if

cl!�

�

inf
z�2C�

fg�.z�/C f ��.z�h/�.�/g
�

D cl

�

inf
z�2C�

fg�.z�/C f ��.z�h/�.�/g
�

:

Under .HCC /, if one of the following conditions:

(i) epi f � C[z�2domg�..0; g�.z�//Cepi.z�h/�/ is closed in .X�; !.X�; X// �R;
(ii) X and Z are Banach spaces and 0 2 sqri.domf � domg � epiC h/;

is satisfied, then .f C g ı h/�� D f �� C supz�2domg�f�g�.z�/C .z�h/��.�/g.

12 The Supremum of an (Infinite) Family of Convex Functions

In this section, we perform some investigations concerning the supremum of an
(infinite) family of convex functions and provide several formulae and characteri-
zations for its conjugate and biconjugate function. In the case of the latter we relax
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the hypothesis imposed on the space in which we work in the sense that instead of
a normed space, as in the previous sections, it is taken to be only separated locally
convex.

Consider a dual system formed by a separated locally convex vector space
X and its topological dual space X�, which is assumed for the beginning to be
endowed with the weak� topology. Let the proper convex functions ft W X !
R, t 2 T , where T is an arbitrary index set, possibly uncountable, such that
dom .supt2T ft / ¤ ;. This yields that the set \t2T domft is nonempty. By R

T

we denote the space of all functions z W T ! R, endowed with the product
topology and with the operations being the usual pointwise ones. For simplicity,
we denote zt D z.t/ for z 2 R

T and all t 2 T . Let �RT be the subset of the
constant functions z 2 R

T . The dual space of R
T is .RT /�, the so-called space

of generalized finite sequences z� D .z�
t /t2T such that z�

t 2 R for all t 2 T ,
and with only finitely many z�

t different from zero. The positive cone in R
T is

R
TC D fz 2 R

T W zt D z.t/ � 0 8t 2 T g, and its dual is the positive cone in
.RT /�, namely .RTC/� D fz� D .z�

t /t2T 2 .RT /� W z�
t � 0 8t 2 T g. Denote also

P D fz� 2 .RTC/� W Pt2T z�
t D 1g.

Further, we additionally assume that ft W X ! R, t 2 T , are lower semicontin-
uous and define

f W X ! .RT /� D R
T [ f1

R
T
C

g; f .x/ D
(

.ft .x//t2T ; if x 2 \t2T domft ;
1

R
T
C

; otherwise:

Evidently, f is proper, R
TC-convex and R

TC-epi closed.
One can easily notice that, when denoting by jS j the cardinality of the set S , for

all x 2 X there is

sup
t2T

ft .x/ D sup
S�T

jS j<C1
sup

z�

s>0 8s2S
P

s2S z�

s D1

X

s2S
z�
s fs.x/:

For all the finite subsets S of T and any z�
s > 0; s 2 S , fulfilling

P

s2S z�
s D 1, the

function x 7! P

s2S z�
s fs.x/ is proper, convex and lower semicontinuous. From the

Fenchel–Moreau Theorem it follows that this function is equal to its biconjugate,
thus for all x 2 X one has

sup
t2T

ft .x/ D sup
S�T

jS j<C1
sup

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!��
.x/

D

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

�

.x/: (12.1)
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Proposition 12.1. The function

� W X� ! R; �.x�/ D inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
.x�/

is proper and convex.

Proof. Whenever S � T with S finite and z�
s > 0 for all s 2 S with

P

s2S z�
s D 1,

the function
�P

s2S z�
s fs

��
is proper, thus � cannot be identical to C1. Assuming

the existence of some x� 2 X� where �.x�/ D �1, it follows that supt2T ft is
identical to C1, which contradicts the feasibility hypothesis dom .supt2T ft / ¤ ;.
Therefore, � is proper.

In order to prove its convexity, let some arbitrary � 2 Œ0; 1� and x�
1 ; x

�
2 2 X�.

What we have to show is

�.�x�
1 C .1 � �/x�

2 / � ��.x�
1 /C .1 � �/�.x�

2 /:

If � 2 f0; 1g or �.x�
1 / D C1 or �.x�

2 / D C1, the inequality above is valid.
Let further � 2 .0; 1/ and �.x�

1 /; �.x
�
2 / 2 R. Then, there are some ˛; ˇ 2 R such

that �.x�
1 / < ˛ and �.x�

2 / < ˇ. Thus, there exist the finite subsets S1 and S2
of T and z�

s > 0 for all s 2 S1 [ S2 such that
P

s2S1
z�
s D 1,

P

s2S2
z�
s D 1,

�P

s2S1
z�
s fs

��
.x�
1 / < ˛ and

�P

s2S2
z�
s fs

��
.x�
2 / < ˇ. Consequently,

�.�x�
1 C .1 � �/x�

2 / �
0

@�
X

s2S1

z�
s fs C .1 � �/

X

s2S2

z�
s fs

1

A

�

.�x�
1 C .1 � �/x�

2 /

�
0

@

X

s2S1

�z�
s fs

1

A

�

.�x�
1 /C

0

@

X

s2S2

.1 � �/z�
s fs

1

A

�

..1 � �/x�
2 / < �˛ C .1 � �/ˇ:

Letting ˛ converge towards �.x�
1 / and ˇ towards �.x�

2 /, one has the desired
conclusion. �

The function cl!� � is convex and !.X�; X/-lower semicontinuous, and its
properness can be proven similarly to that of �. By applying again the Fenchel–
Moreau Theorem, from (12.1) it follows that

�

sup
t2T

ft

��
D cl!�

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

: (12.2)
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For every arbitrary vector topology � on X� one has

[

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

epi

 

X

s2S
z�
s fs

!�
� epi

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

� cl��R

0

B

B

B

B

B

@

[

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

epi

 

X

s2S
z�
s fs

!�

1

C

C

C

C

C

A

and, consequently,

epi

�

sup
t2T

ft

��
D cl!��R

0

B

B

B

@

epi

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

1

C

C

C

A

D cl!��R

0

B

B

B

B

B

@

[

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

epi

 

X

s2S
z�
s fs

!�

1

C

C

C

C

C

A

: (12.3)

On the other hand, for all x� 2 X� there is

�

sup
t2T

ft

��
.x�/ � inf

z�2P.z
�f /�.x�/ � inf

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
.x�/: (12.4)

The first inequality is obvious, therefore, we prove only the second one. Let be
x� 2 X�. If the infimum in the right-hand side of the relation above is equal to
C1, there is nothing to prove. Otherwise, take an arbitrary r 2 R strictly greater
than this infimum. Thus there is a finite subset S of T and some z�

s > 0 for
all s 2 S with

P

s2S z�
s D 1 for which .

P

s2S z�
s fs/

�.x�/ < r . Considering a
Nz� 2 P which satisfies Nz�

s D z�
s when s 2 S and Nz�

s D 0 otherwise, it follows
that infz�2P.z�f /�.x�/ � .Nz�f /�.x�/ � .

P

s2S z�
s fs/

�.x�/ < r . Since r was
arbitrarily chosen, (12.4) follows.
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By taking (12.2) and (12.4) into consideration, it yields

�

sup
t2T

ft

��
.x�/ D cl!�

�

inf
z�2P

.z�f /�
�

.x�/:

On the other hand, we have

[
z�2P

epi.z�f /� � epi

�

inf
z�2P

.z�f /�
�

� cl!��R

�

[
z�2P

epi.z�f /�
�

:

The relations above lead to

epi

�

sup
t2T

ft

��
D cl!��R

�

epi

�

inf
z�2P

.z�f /�
��

D cl!��R

�

[
z�2P

epi.z�f /�
�

:

(12.5)

For every finite subset S of T and all z�
s > 0, whenever s 2 S with

P

s2S z�
s D 1, we have, by using Theorem 7.14(ii), epi

�P

s2S z�
s fs

�� D
cl!��R

�P

s2S epi.z�
s fs/

��. On the other hand, for an arbitrary proper function
k W X ! R and � > 0 it holds epi.�k�/ D � epik�. Using this fact, we get
further

epi

 

X

s2S
z�
s fs

!�
D cl!��R

 

X

s2S
z�
s epif �

s

!

� cl!��R

�

co

�

[
t2T epif �

t

��

;

whence

epi

�

sup
t2T

ft

��
� cl!��R

�

co

�

[
t2T epif �

t

��

: (12.6)

Taking an arbitrary element .x�; r/ 2 co
�[t2T epi f �

t

�

, there is a finite subset S
of T and some z�

s > 0 for all s 2 S with
P

s2S z�
s D 1 for which .x�; r/ 2

P

s2S z�
s epif �

s � epi
�P

s2S z�
s fs

��
. This yields

�P

s2S z�
s fs

��
.x�/ � r . Let be

Nz� 2 P which satisfies Nz�
s D z�

s when s 2 S and Nz�
s D 0, otherwise. Then there is

.Nz�f /�.x�/ D
 

X

s2S
z�
s fs C ı \

s2T nS
domfs

!�
.x�/ �

 

X

s2S
z�
s fs

!�
.x�/ � r:

This means that .x�; r/ 2 epi.Nz�f /� � [z�2P epi.z�f /�, which yields

co

�

[
t2T epi f �

t

�

�
[

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

epi

 

X

s2S
z�
s fs

!�
� [

z�2P epi.z�f /�: (12.7)
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By using (12.5), (12.6) and (12.7), we obtain

epi

�

sup
t2T

ft

��
D cl!��R

�

co

�

[
t2T epif �

t

��

: (12.8)

On the other hand,

[
t2T epif �

t � epi

�

inf
t2T f

�
t

�

� cl!��R

�

[
t2T epi f �

t

�

� cl!��R

�

co

�

[
t2T epif �

t

��

and from here it follows that

cl!��R

�

co

�

[
t2T epif �

t

��

D cl!��R

�

co

�

epi

�

inf
t2T f

�
t

���

: (12.9)

Here, for a function k W X ! R we denote by co k W X ! R the convex hull of k,
which is the greatest convex function everywhere less than or equal to k. We have
that epi cl.co k/ D cl.co.epi k//. Combining (12.8) with (12.9), we rediscover the
known formula

epi

�

sup
t2T

ft

��
D cl!��R

�

co

�

epi

�

inf
t2T f

�
t

���

: (12.10)

Remark 12.2. Whenever co
�[t2T epi f �

t

�

is closed in .X�; !.X�; X// � R or,
equivalently, epi .supt2T ft /

� D co
�[t2T epi f �

t

�

, by (12.5), (12.7) and (12.8), it
yields that for all x� 2 X� it holds

�

sup
t2T

ft

��
.x�/ D min

z�2P.z
�f /�.x�/ D min

S�T;jS j<C1
z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
.x�/:

Next we deal with the biconjugate function of supt2T ft . According to [89], with
a family M of totally saturated bounded subsets of X , one can induce on X� the
so-called uniform convergence topology on M denoted �M. We consider furtherX�
being endowed with �M. Restricting the sets in M to satisfy certain properties, one
obtains different classical locally convex topologies on X�. For instance, when all
the elements of M are finite sets �M becomes the weak� topology, when they are
absolutely convex and weakly compact it coincides with the Mackey topology �k ,
while when all these sets are weakly bounded we get the strong topology onX�, �b .
Note that �b coincides, when X is a normed space, with the norm topology induced
by the norm onX�. The weak� topology is the weakest uniform convergence topol-
ogy that can be considered on X�, while �b is the strongest. The dual of X� is X if
and only if �M is weaker than �k , but stronger than weak�. On the other hand, when
�M is strictly stronger than �k , but weaker than �b , the dual of X�, denoted X��
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and referred to also as the bidual of X , does not coincide anymore with X . Note
that by endowing X� with any �M stronger than weak� its dual has X among its
linear subspaces.

In the following, we take X� to be endowed with an arbitrary uniform conver-
gence topology �M which is strictly stronger than �k , but weaker than �b . In this
case X� has a dual X�� which does not coincide with X .

The following statement regarding the biconjugate of the supremum of ft ; t 2 T ,
can be given (see also [21]).

Theorem 12.3. One always has .supt2T ft /
�� � supz�2P.z�f /��. Assuming the

additional hypothesis

.HT / ft is lower semicontinuous, t 2 T ,

fulfilled, there is always

�

sup
t2T

ft

���
D
�

cl!�

�

inf
z�2P.z

�f /�
���

� sup
z�2P

.z�f /��: (12.11)

When X is a normed space the inequality in (12.11) is always fulfilled as equality if
and only if cl!� .infz�2P.z�f /�/ D cl .infz�2P.z�f /�/. If .HT / is fulfilled and one
of the following conditions:

(i) co

�

[
t2T epif �

t

�

is closed in .X�; !.X�; X// �R;

(ii) T is at most countable,X is a Fréchet space and

0 2 sqri

�

Q

t2T
ft

�

\
t2T domft

�

��
RT C R

TC
�

;

is satisfied or if

(iii) T is finite,

then .supt2T ft /
�� D supz�2P.z�f /��.

Proof. For each z� 2 P one has supt2T ft � .z�f / and from here .supt2T ft /
�� �

.z�f /��. This yields the first inequality. Provided the fulfillment of .HT /, we have
seen that one always has .supt2T ft /� D cl!�

�

infy�2P.z�f /�
�

. By conjugating in
both sides, we obtain

�

sup
t2T

ft

���
D
�

cl!�

�

inf
z�2P.z

�f /�
���

�
�

inf
z�2P.z

�f /�
��

D sup
z�2P

.z�f /��:

(12.12)
If cl!� .infz�2P.z�f /�/ D cl .infz�2P.z�f /�/, then the inequality in (12.12) is ful-
filled as equality and this means that the inequality in (12.11) turns into an equality.
Viceversa, assuming that (12.11) is fulfilled as equality, it automatically follows that
.cl!� .infz�2P.z�f /�//� D .cl .infz�2P.z�f /�//� and, since X is a normed space,
using a similar argumentation to the one in the proof of Theorem 10.3, we obtain
cl!� .infz�2P.z�f /�/ D cl .infz�2P.z�f /�/.
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To prove the second part of the theorem, we treat each of the conditions (i)–(iii)
separately. In case .HT / is fulfilled and (i) holds, by Remark 12.2, one has that

�

sup
t2T

ft

��
D min

z�2P.z
�f /�: (12.13)

We prove next that under .HT / (ii) is also sufficient for having (12.13). We consider
C D R

TC, S D X � R, Qf .x; u/ D u and Qg.x; u/ D f .x/� Qu, where Qu 2 R
T is such

that Qut D u for all t 2 T . One can easily notice that S is nonempty, convex and
closed, Qf is proper, convex and lower semicontinuous, Qg is proper, R

TC-convex and
R
TC-epi closed and the feasibility condition dom Qf \S\ Qg�1.�R

TC/ ¤ ; is satisfied.
As T is an at most countable set, R

T is a Fréchet space. Thus, by Theorem 5.5, if
0 2 sqri

� Qg..\t2T domft / � R/C R
TC
�

, which is nothing else than the regularity

condition in (ii), then (as .RCCL

2 / is fulfilled) for the convex optimization problem

inf
.x;u/2S

Qg.x;u/�
R

T
C

0

Qf .x; u/ (12.14)

and its Lagrange dual problem stable strong duality holds. Thus for all x� 2 X� it
yields

�

sup
t2T

ft

��
.x�/ D � inf

.x;u/2X�R

ft .x/�u�0 8t2T
fu � hx�; xig D min

z�2.RT
C
/�
. Qf C .z� Qg//�.x�; 0/:

For all z� 2 .RTC/� and x� 2 X� one has

. Qf C .z� Qg//�.x�; 0/ D sup
x2X;u2R

(

hx�; xi � u � .z�f /.x/C u
X

t2T

z�

t

)

D sup
x2X

fhx�; xi

�.z�f /.x/g C sup
u2R

u

 

X

t2T

z�

t � 1

!

D
�

.z�f /�.x�/; if z� 2 P;
C1; otherwise:

and, therefore, the equality in (12.13) is also in this case satisfied.
Suppose now that (iii) is valid, thus let T D f1; : : : ; ng. In this case R

T becomes
R
n and taking x0 2 \ntD1 domft there is always an u0 > maxtD1;:::;n ft .x0/ such

that .ft .x0/ � u0/tD1;:::;n 2 � int.RnC/. This means that for the convex optimization

problem in (12.14) the regularity condition .RCCL

1 / is fulfilled. Again, by Theo-
rem 5.5, for this problem and its Lagrange dual stable strong duality holds. Thus
.sup1�t�n ft /� D minf.Pn

tD1 z�
t ft /

� W z�
t � 0; t D 1; : : : ; n;

Pn
tD1 z�

t D 1g,
which is nothing but (12.13). Alternatively, when (iii) holds one can apply [127,
Corollary 2.8.11] to obtain the same conclusion.
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We have proven that under any of the three conditions we considered relation
(12.13) holds. Taking the conjugates of the terms in both sides of it, the desired
conclusion follows. �
Remark 12.4. In a similar way, one can prove that it always holds

�

sup
t2T

ft

���
� sup
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!��
:

Assume that .HT / is fulfilled. Then

�

sup
t2T

ft

���
D

0

B

B

B

@

cl!�

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

1

C

C

C

A

�

� sup
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!��
:

Moreover, when X is a normed space, the inequality in the relation above is always
fulfilled as equality if and only if

cl!�

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

D cl

0

B

B

B

@

inf
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!�
1

C

C

C

A

:

Assuming .HT / and condition (i) in Theorem 12.3 fulfilled, from Remark 12.2 one
has that

�

sup
t2T

ft

���
D sup
S�T;jS j<C1

z�

s>0 8s2S
P

s2S z�

s D1

 

X

s2S
z�
s fs

!��
:

Remark 12.5. Taking into consideration the discussion made on the topologies that
can be considered onX�, one can expect to extend in a natural way the results given
in the previous section from normed to locally convex spaces, in which case the
conditions stated at (ii) would impose the spaces to be Fréchet, instead of Banach.

Concerning the biconjugate of the supremum of an (infinite) family of convex
functions .ft /t2T , it is natural to look for conditions which guarantee the formula
.supt2T ft /

�� D supt2T f ��
t . In the following result, we show that under .HT /

condition (i) in Theorem 12.3 guarantees this formula, too.

Theorem 12.6. One always has .supt2T ft /�� � supt2T f ��
t . Assuming the addi-

tional hypothesis .HT / and that co
�

[
t2T epi f �

t

	

is closed in .X�; !.X�; X// �R,

it follows .supt2T ft /�� D supt2T f ��
t .
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Proof. By conjugating twice both sides of the inequality fs � supt2T ft we get
f ��
s � .supt2T ft /

�� for all s 2 T . Thus supt2T f ��
t � .supt2T ft /

��. Since
[t2T epif �

t is a subset of epi
�

inft2T f �
t

�

, one has

co

�

[
t2T epif �

t

�

� co

�

epi

�

inf
t2T f

�
t

��

: (12.15)

Since epi
�

inft2T f �
t

� � epi
�

co
�

inft2T f �
t

��

and the latter is a convex set, from
(12.15), it yields

co

�

[
t2T epi f �

t

�

� co

�

epi

�

inf
t2T f

�
t

��

� epi

�

co

�

inf
t2T f

�
t

��

: (12.16)

On the other hand, by (12.8) and (12.9), there is

epi

�

sup
t2T

ft

��
D cl!��R

�

co

�

[
t2T epif �

t

��

D cl!��R

�

co

�

epi

�

inf
t2T f

�
t

���

D epi

�

cl!��R

�

co

�

inf
t2T f

�
t

���

D cl!��R

�

epi co

�

inf
t2T f

�
t

��

:

Further, as co

�

[
t2T epif �

t

�

is closed in .X�; !.X�; X//�R, we get epi .supt2T ft /
�

D epi
�

co
�

inft2T f �
t

��

, which provides .supt2T ft /� D co
�

inft2T f �
t

�

. For the
conjugates of these functions it holds .supt2T ft /

�� D �

co
�

inft2T f �
t

���
. Since

cl

�

co

�

inf
t2T f

�
t

��

� co

�

inf
t2T f

�
t

�

� inf
t2T f

�
t ;

by [127, Theorem 2.3.1(iv)], it follows that the conjugate of co
�

inft2T f �
t

�

coin-

cides with the one of inft2T f �
t . Therefore, we have .supt2T ft /�� D �

inft2T f �
t

�� D
supt2T f ��

t . �

Remark 12.7. We want to notice that we have no knowledge of a generalized
interior point condition to guarantee the equality in the theorem above.

13 The Supremum of Two Convex Functions

In this section, we carry on the investigations made in Section 12 by dealing with the
supremum of two convex functions. We give some refined formulae for the conju-
gate of the supremum and show that under the Attouch–Brézis regularity condition,
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one has equality between the biconjugate of the supremum and the supremum of the
biconjugates of the two functions.

ConsiderX a normed space withX� its topological dual space and f; g W X ! R

two proper and convex functions such that domf \ domg ¤ ;. Let us denote by
f _ g W X ! R, f _ g.x/ D maxff .x/; g.x/g the pointwise maximum of f and
g. Being in the situation when T is finite, from the proof of Theorem 12.3 we obtain
a refined version of (12.5). More precisely, for all x� 2 X� it holds

.f _ g/�.x�/ D min
�2Œ0;1�

.�f C .1 � �/g/� .x�/

and from here one has

epi.f _ g/� D [
�2Œ0;1�

epi .�f C .1 � �/g/�

D [
�2.0;1/

epi .�f C .1 � �/g/� [ epi
�

f C ıdomg
�� [ epi

�

g C ıdomf
��
: (13.1)

Assuming further that f and g are lower semicontinuous, we get via (12.3) a
second formulation for the epigraph of epi.f _ g/�, namely

epi.f _ g/� D cl!��R

0

@epif � [ epig� [
[

�2.0;1/
epi.�f C .1 � �/g/�

1

A :

Noticing that

epif � [ epig� � cl!��R

�

[
�2.0;1/

.� epif � C .1 � �/ epig�/
�

� cl!��R

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

;

it follows that epi.f _g/� D cl!��R
�[�2.0;1/ epi.�f C .1 � �/g/��. On the other

hand, we have

[
�2.0;1/

epi.�f C .1� �/g/� � epi

�

inf
�2.0;1/

.�f C .1 � �/g/�
�

� cl!��R

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

and therefore

epi.f _ g/� D cl!��R

�

inf
�2.0;1/

.�f C .1 � �/g/�
�

D cl!��R

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

: (13.2)
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Employing the closure in .X�; k � k�/ � R, we obviously have

cl

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

� cl!��R

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

D epi.f _ g/�:

Proposition 13.1. The following inclusion always holds

epi
�

f C ıdomg
�� � cl

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

:

Proof. Let .x�; r/ 2 epi
�

f C ıdomg
��

or, equivalently,
�

f C ıdomg
��
.x�/ � r .

Because g is proper, convex and lower semicontinuous it follows that g� is a proper
function and therefore there exists a y� 2 X� such that g�.y�/ 2 R.

For all n � 1 we denote �n WD 1=n and �n WD .n � 1/=n and get

.�ng C �nf /
� ��ny� C �nx

�� D sup
x2X

fh�ny� C �nx
�; xi � �ng.x/ � �nf .x/g

� �n sup
x2domf \domg

fhy�; xi � g.x/g C �n sup
x2domf\domg

fhx�; xi � f .x/g

� �n sup
x2X

fhy�; xi � g.x/g C �n sup
x2X

fhx�; xi � .f C ıdomg/.x/g

D �ng
�.y�/C �n.f C ıdomg/

�.x�/ � r C �n
�

g�.y�/� .f C ıdomg/
�.x�/

�

:

Thus for all n � 1 it holds
�

�ny
� C �nx

�; r C �n
�

g�.y�/� .f C ıdomg/
�

.x�/// 2 epi .�ng C �nf /
� � [�2.0;1/ epi .�f C .1 � �/g/� ; which implies that

.x�; r/ 2 cl

�

[
�2.0;1/

epi .�f C .1 � �/g/�
�

:

�

Because of the symmetry of the functions f and g, by Proposition 13.1, we also
have epi

�

g C ıdomf
�� � cl

�[�2.0;1/ epi.�f C .1 � �/g/�
�

and so (13.1) implies
that epi.f _ g/� � cl

�[�2.0;1/ epi.�f C .1 � �/g/�
�

. Thus (see also [42])

epi.f _ g/� D cl!��R

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

D cl

�

[
�2.0;1/

epi.�f C .1 � �/g/�
�

: (13.3)
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As the latter closure is nothing else than the closure of inf�2.0;1/.�f C .1 � �/g/�
in .X�; k � k�/ � R, it yields

epi.f _ g/� D cl

�

epi

�

inf
�2.0;1/

.�f C .1 � �/g/�
��

and from here

.f _ g/� D cl

�

inf
�2.0;1/

.�f C .1 � �/g/�
�

: (13.4)

In the following we turn back to the formula for epi.f _ g/� given in (13.1) and
show what it becomes, provided the Attouch–Brézis regularity condition .RC id

2 /

is fulfilled, namely X is a Banach space, f and g are lower semicontinuous and
0 2 sqri.domg � domf /. By Theorems 5.5, 7.6 and 7.7, this condition guarantees
that for all �;� > 0 epi.�f C �g/� D epi.�f /� C epi.�g/� D � epif � C
� epig�. Unfortunately, one cannot use the same argument for proving that epi.f C
ıdomg/

� D epif � C epi ı�
domg , as ıdomg is not necessarily lower semicontinuous.

Nevertheless, this follows from [127, Theorem 2.8.7(v)], since both f and ıdomg

are li-convex functions. Consequently, relation (13.1) becomes

epi.f _ g/� D [
�2.0;1/

.� epif � C .1 � �/ epig�/

[ �

epif � C epi �domg
� [ �

epig� C epi�domf
�

: (13.5)

Therefore, if .RC id
2 / is fulfilled, then the conjugate of f _ g at x� 2 X� looks like

.f _g/�.x�/ D min

8

ˆ

<

ˆ

:

inf
�2.0;1/;y� ;z�

2X�

�y�
C.1��/z�

Dx�

f�f �.y�/C .1� �/g�.z�/g; min
y�;z�

2X�

y�
Cz�

Dx�

˚

f �.y�/

C�domg.z
�/
�

; min
y� ;z�

2X�

y�
Cz�

Dx�

˚

g�.y�/C �domf .z
�/
�

9

>

=

>

;

: (13.6)

In [71, Remark 3] Fitzpatrick and Simons give an example which shows that the
equality

.f _ g/�.x�/ D min
�2Œ0;1�;y�;z�2X�

�y�C.1��/z�Dx�

f�f �.y�/C .1 � �/g�.z�/g

is not true for all x� 2 X�.
Regarding the biconjugate of f _ g, we have seen in the previous section that

in case f and g are proper, convex and lower semicontinuous fulfilling domf \
domg ¤ ; and co .epif � [ epig�/ is closed in .X�; !.X�; X//�R, then one has
on X�� that .f _ g/�� D f �� _ g��. This is true even if X is a separated locally
convex space.
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We prove next, by using relation (13.4), that the same conclusion follows when
X is a normed space and the Attouch–Brézis regularity condition .RC id

2 / holds.
The proof of the next result was proposed by Constantin Zălinescu. For alternative
proofs we refer to [42, 71, 129].

Theorem 13.2. Assume that X is a Banach space and f; g W X ! R are proper,
convex and lower semicontinuous functions with domf \ domg ¤ ; such that
0 2 sqri.domg � domf /. Then .f _ g/�� D f �� _ g��.

Proof. From (13.4), by using some elementary properties of the conjugate func-
tions, we get that

.f _ g/�� D
�

cl

�

inf
�2.0;1/

.�f C .1� �/g/�
���

D
�

inf
�2.0;1/

.�f C .1 � �/g/�
��

D sup
�2.0;1/

.�f C .1 � �/g/��:

Assumption (ii) in Theorem 11.2 is satisfied and so for all � 2 .0; 1/ it yields

.�f C .1 � �/g/�� D .�f /�� C ..1 � �/g/��:

For all x�� 2 X�� and all � 2 .0; 1/ we have .�f /��.x��/ D ..�f /�/�.x��/ D
.�f � ..1=�/�//� .x��/ D �f ��.x��/ and, analogously, ..1 � �/g/��.x��/ D .1 �
�/g��.x��/. Since f , f �, g and g� are proper functions, f �� and g�� are also
proper and we finally get

.f _ g/�� D sup
�2.0;1/

�

�f �� C .1 � �/g��� D f �� _ g��:

�

In case X is a Banach space, we formulated in this chapter two sufficient
conditions that guaranteed that the biconjugate of the supremum of two proper,
convex and lower semicontinuous functions was equal to the supremum of their
biconjugates. More precisely, we have a generalized interior point condition and a
closedness-type one. We have seen in Chapter II that, in general, the generalized
interior point conditions turned to be stronger than the closedness-type one. This
observation gives rise to the following open problem.

Open problem 13.3 Let X be a Banach space and f; g W X ! R be proper,
convex and lower semicontinuous functions with domf \ domg ¤ ; such that
0 2 sqri.domg � domf /. Is in this case the set co .epi f � [ epig�/ necessarily
closed in .X�; !.X�; X// � R?



Chapter IV
Strong and Total Conjugate Duality

14 A General Closedness–Type Regularity Condition
for (Only) Strong Duality

In this chapter, we are interested in formulating regularity conditions of closedness-
type, which do not necessarily guarantee stable strong duality, but are sufficient for
having strong duality. First, we do this for the primal–dual pair .PG/–.DG/ and
after that we particularize the general result to the different classes of problems
investigated in the previous chapters.

Assume that X and Y are separated locally convex spaces, with X� and Y �
their topological dual spaces, respectively, and ˆ W X � Y ! R is a proper
and convex function such that 0 2 PrY .domˆ/. Throughout this chapter we
assume that the dual spaces are endowed with the weak� topologies. As proved
by Theorem 5.1, if ˆ is lower semicontinuous, then for all x� 2 X� one has
.ˆ.�; 0//�.x�/ D cl!�

�

infy�2Y � ˆ�.�; y�/
�

.x�/. Starting from this fact, one can
formulate the following regularity condition for .PG/ and its conjugate dual .DG/

.RCˆ5 / ˆ is lower semicontinuous and infy�2Y � ˆ�.�; y�/ is lower
semicontinuous and exact at 0.

We say that infy�2Y � ˆ�.�; y�/ is exact at Nx� 2 X� if there exists Ny� 2 Y � such
that infy�2Y � ˆ�. Nx�; y�/ D ˆ�. Nx�; Ny�/. We have the following general result.

Theorem 14.1. Let ˆ W X � Y ! R be a proper and convex function such that
0 2 PrY .dom.ˆ//. If .RCˆ5 / is fulfilled, then v.PG/ D v.DG/ and the dual .DG/
has an optimal solution.

Proof. Theorem 5.1 implies that for all x� 2 X� it holds .ˆ.�; 0//�.x�/ D
infy�2Y � ˆ�.x�; y�/. Moreover, infy�2Y � ˆ�.�; y�/ is exact at 0 and therefore there
exists Ny� 2 Y � such that (see also Theorem 1.1)

v.PG/ D inf
x2X ˆ.x; 0/ D �.ˆ.�; 0//�.0/

D �ˆ�.0; Ny�/ D sup
y�2Y �

f�ˆ�.0; y�/g D v.DG/

and from here the conclusion follows. �

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 4,
c� Springer-Verlag Berlin Heidelberg 2010
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Remark 14.2. One should notice that under the supplementary assumption that ˆ
is a lower semicontinuous function, the strong duality for .PG/ and .DG/ can be
equivalently expressed by asking that infy�2Y � ˆ�.�; y�/ is lower semicontinuous
at 0 and exact at 0. In this chapter, we deal with sufficient conditions for this situa-
tion and .RCˆ5 / turns out to be an appropriate one. Moreover, one has that .RCˆ5 /
is implied by the closedness-type condition .RCˆ4 /. There are enough situations
where one does not need to ensure stable strong duality, but only strong duality
and in this case it is enough to ask that the condition introduced above is satisfied.
Situations where .RCˆ5 / is valid, while .RCˆ4 / fails, will be addressed in the next
sections for some particular cases of the general primal–dual pair .PG/–.DG/.

First, let us furnish the formulations of .RCˆ5 / for the case of the composed con-
vex optimization problem .PCC / and its two conjugate duals .DCC1/ and .DCC2/,
respectively. Consider X and Z separated locally convex spaces, where Z is par-
tially ordered by the nonempty convex cone C � Z, f W X ! R a proper and
convex function, g W Z ! R a proper, convex and C -increasing function fulfill-
ing, by convention, g.1C / D C1 and h W X ! Z� D Z [ f1C g a proper
and C -convex function such that h.domf \ domh/\ domg ¤ ;. If, additionally,
f and g are lower semicontinuous and h is star C -lower semicontinuous, then we
have proved that the perturbation functionsˆCC1 andˆCC2 are proper, convex and
lower semicontinuous and 0 is an element of the projection of their domains on the
corresponding spaces of perturbation variables. By (4.1) and (4.2), the regularity
condition .RCˆ5 / becomes in these situations

.RC
CC1

5 / f and g are lower semicontinuous, h is star C -lower
semicontinuous and x� 7! inf

z�2C�

fg�.z�/C .f C .z�h//�.x�/g
is lower semicontinuous and exact at 0

and

.RC
CC2
5 / f and g are lower semicontinuous, h is star C -lower

semicontinuous and x� 7! inf
y�

2X�

z�
2C�

fg�.z�/Cf �.y�/C.z�h/�.x� � y�/g

is lower semicontinuous and exact at 0,

respectively. From Theorem 14.1 one can derive the following result.

Theorem 14.3. Let f W X ! R be a proper and convex function, g W Z ! R

a proper, convex and C -increasing function fulfilling, by convention, g.1C / D
C1 and h W X ! Z� D Z [ f1C g a proper and C -convex function such that
h.domf \ domh/ \ domg ¤ ;.

(i) If .RCCC1

5 / is fulfilled, then v.PCC / D v.DCC1/ and the dual has an optimal
solution.

(ii) If .RCCC2

5 / is fulfilled, then v.PCC / D v.DCC2/ and the dual has an optimal
solution.
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Remark 14.4. Under the topological assumptions made above for f , g and h, we
have that (see Theorems 6.1 and 6.7)

.f C g ı h/� D cl!�

�

inf
z�2C�

fg�.z�/C .f C .z�h//�.�/g
�

D cl!�

�

inf
y�2X�;z�2C�

fg�.z�/C f �.y�/C .z�h/�.� � y�/g
�

� inf
z�

2C�

fg�.z�/C.f C.z�h//�.�/g � inf
y�

2X�;z�
2C�

fg�.z�/Cf �.y�/C.z�h/�.��y�/g:

Consequently, if x� 7! infy�2X�;z�2C�fg�.z�/Cf �.y�/ C .z�h/�.x� � y�/g is
lower semicontinuous, then x� 7! infz�2C�fg�.z�/C .f C .z�h//�.x�/g is lower
semicontinuous, too. Moreover, if the first function is exact at 0, namely there exist
. Ny�; Nz�/ 2 X� � C � for which

g�.Nz�/C f �. Ny�/C .Nz�h/�.� Ny�/ D inf
y�2X�

z�2C�

fg�.z�/Cf �.y�/C.z�h/�.�y�/g;

then g�.Nz�/C.f C.Nz�h/�.0/ D infz�2C�fg�.z�/C.f C.z�h//�.0/g, which means
that x� 7! infz�2C�fg�.z�/C .f C .z�h//�.x�/g is exact at 0, too. This proves that
.RC

CC2

5 / implies .RCCC1

5 /. Examples which show that the reverse implication
is not true can be gathered from the ones given in the next sections for particular
instances of the composed convex problem.

Remark 14.5. Similar sufficient conditions for having strong duality for .PCC / and
the dual problems .DCC1/ and .DCC2/, respectively, can be given also in case h
fails to be star C -lower semicontinuous, but it is C -epi closed. For investigations
made for this situation we refer to [29].

15 Strong Fenchel Duality

Consider X and Y two separated locally convex spaces, A W X ! Y a linear
continuous operator and f W X ! R and g W Y ! R proper and convex func-
tions fulfilling A.domf / \ domg ¤ ;. For the perturbation function ˆA, as
proved in Theorem 7.1, for all x� 2 X� we have that infy�2Y �.ˆA/�.x�; y�/ D
.f ��A�g�/.x�/. By specializing .RCˆ5 / we obtain a further regularity condition
for .PA/ and its Fenchel dual problem .DA/

.RCA5 / f and g are lower semicontinuous and f ��A�g� is lower
semicontinuous and exact at 0,

while, by Theorem 14.1, we get to the following result (see also [29, 40]).
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Theorem 15.1. Let f W X ! R and g W Y ! R be proper and convex functions
andA W X ! Y be a linear continuous operator such thatA.domf /\domg ¤ ;.
If .RCA5 / is fulfilled, then v.PA/ D v.DA/ and the dual has an optimal solution.

Coming to the situation when X D Y and A D idX , the regularity condition
.RCA5 / turns out to be

.RC id
5 / f and g are lower semicontinuous and f ��g� is lower

semicontinuous and exact at 0,

while Theorem 15.1 furnishes the following strong duality result for .P id/� .Did/.

Theorem 15.2. Let f; g W X ! R be proper and convex functions such that
domf \ domg ¤ ;. If .RC id

5 / is fulfilled, then v.P id/ D v.Did/ and the dual
has an optimal solution.

The fact that the condition above is implied by .RC id
4 / follows from the discus-

sion made in Remark 14.2. In the following example, we have a situation where
.RC id

5 / is fulfilled, unlike .RC id
4 /.

Example 15.3 (cf. [29]). Consider the functions f; g W R
2 ! R defined by

f .x1; x2/ D
�

0; if k.x1; x2/k � 1;

C1; otherwise

and g D ıŒ1;C1/�R, where by k � k we denote the Euclidean norm of R
2. Both func-

tions are proper, convex and lower semicontinuous and it holds domf \ domg D
f.1; 0/T g. Thus for all .x�

1 ; x
�
2 /
T 2 R

2 we have f �.x�
1 ; x

�
2 / D k.x�

1 ; x
�
2 /
T k and

g�.x�
1 ; x

�
2 / D

�

x�
1 ; if x�

1 � 0; x�
2 D 0;

C1; otherwise

and from here

.f ��g�/.x�
1 ; x

�
2 / D inf

.y�

1
;y�

2
/T 2R2

ff �.y�
1 ; y

�
2 /C g�.x�

1 � y�
1 ; x

�
2 � y�

2 /g

D inf
.y�

1
;y�

2
/T 2R

2

y�

1
�x�

1
;y�

2
Dx�

2

fk.y�
1 ; y

�
2 /k C x�

1 � y�
1 g D x�

1 C inf
y�

1
�x�

1

�
q

.y�
1 /
2 C .x�

2 /
2 � y�

1

�

D x�
1 C inf

y�

1
�x�

1

.x�
2 /
2

p

.y�
1 /
2 C .x�

2 /
2 C y�

1

D x�
1 :

It is evident that f ��g� is lower-semicontinuous and, moreover, the infimum is
attained at .x�

1 ; x
�
2 /
T D .0; 0/T . Thus .RC id

5 / is fulfilled. On the other hand, assum-
ing that .RC id

4 / is true, one would have that epif �Cepig� is closed or, equivalently,
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.f C g/� D f ��g� and f ��g� is exact everywhere. Since the infimal convolu-
tion is lower semicontinuous, the first condition is fulfilled. Nevertheless, f ��g�
is not exact at .0; 1/T , as the infimum in the formula above is not attained and,
consequently, .RC id

4 / fails.
Other examples illustrating the same fact have been given in [40] (for f D ıU

and g D ıV , where U and V are taken as in Example 6.13) and in Examples 11.1
and 11.3 in the book of Stephen Simons [120].

Returning to the initial setting, we take f identical to 0 and g W X ! R a proper
and convex function such that R.A/\ domg ¤ ;. The regularity condition .RCA5 /
has the following formulation

.RC
Ag

5 / g is lower semicontinuous and A�g� is lower semicontinuous
and exact at 0

and Theorem 15.1 leads to the following result.

Theorem 15.4. Let g W Y ! R be a proper and convex function and A W X ! Y

a linear continuous operator such that R.A/ \ domg ¤ ;. If .RC
Ag

5 / is fulfilled,
then v.PAg / D v.DAg / and the dual has an optimal solution.

Further, considering for m � 2 fi W X ! R; i D 1; : : : ; m; proper and
convex functions such that \miD1 domfi ¤ ;, Y D Xm, g W Xm ! R,
g.x1; : : : ; xm/ D Pm

iD1 fi .xi / and A W X ! Xm; Ax D .x; : : : ; x/, one obtains
as regularity condition for the primal–dual pair .P†/–.D†/

.RC†5 / fi is lower semicontinuous, i D 1; : : : ; m, f �
1 � : : :�f �

m is lower
semicontinuous and exact at 0,

while from Theorem 15.4 the following statement follows.

Theorem 15.5. Let fi W X ! R, i D 1; : : : ; m, be a proper and convex functions
such that \miD1 domfi ¤ ;. If .RC†5 / is fulfilled, then v.P†/ D v.D†/ and the
dual has an optimal solution.

In the last part of the section, we discuss the existence of the so-called converse
duality for .PA/ and .DA/, namely the situation when the optimal objective values
of the primal and dual are equal and the primal problem has an optimal solution.
The approach is based on a fruitful idea used by Heinz Bauschke in [4] and later by
Ng and Song in [102].

Along the hypotheses made for f and g at the beginning of the section, we
assume that they are lower semicontinuous and 0 2 domf � CA�.domg�/. For the
optimal objective value of the dual .DA/ we have that

�v.DA/ D � sup
y�2Y �

f�f �.�A�y�/� g�.y�/g D inf
y�2Y �

ff �.�A�y�/C g�.y�/g:

By Theorem 15.1, if an appropriate regularity condition is fulfilled, then the optimal
objective value of the infimum problem in the right-hand side of the relation above is
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equal to the optimal objective value of its dual and the latter has an optimal solution.
Since X� and Y � are endowed with the weak� topologies, one has that .A�/� D A,
f ��.x/ D f .x/ for all x 2 X and g��.y/ D g.y/ for all y 2 Y . Therefore the
Fenchel dual of the convex optimization problem

inf
y�2Y �

ff �.�A�y�/C g�.y�/g (15.1)

is
sup
x2X

f�g.Ax/ � f .x/g D � inf
x2Xff .x/C g.Ax/g (15.2)

and its objective value is equal to �v.PA/. The feasibility assumptions A.domf /
\ domg ¤ ; and 0 2 domf � C A�.domg�/ ensure that

� 1 < v.DA/ � v.PA/ < C1: (15.3)

Further, we show how the condition .RCA5 / looks like for the primal–dual pair of
optimization problems (15.1)–(15.2). Noticing that f � and g� are proper, convex
and lower semicontinuous functions with �A�.domg�/ \ domf � ¤ ; one has to
ask for strong duality that

g���.�A��f ��/ is lower semicontinuous and exact at 0

or, equivalently, that

g�.�Af / is lower semicontinuous and exact at 0:

We have that
g�.�A/f .0/ D inf

y2Y fg.y/C .�Af /.�y/g

D inf
y2Y

�

g.y/C inf
x2X;AxDy f .x/

�

D inf
x2Xff .x/C g.Ax/g

and, therefore, asking that g�.�Af / is exact at 0 is nothing else than asking that
the primal problem .PA/ has an optimal solution.

Next we discuss the other assumption, namely that g�.�Af / is lower semicon-
tinuous. For an arbitrary y 2 Y one has that

g�.�Af /.y/ D inf
z2Y fg.z/C .�Af /.y � z/g

D inf
z2Y

�

g.z/C inf
x2X;AxDz�y f .x/

�

D inf
x2Xff .x/C g.Ax C y/g D inf

x2X ˆ
A.x; y/:

Consequently, the sufficient regularity condition we derived from .RCA5 / for having
converse duality states that hA W Y ! R, hA.y/ D infx2X ˆA.x; y/, the infimal
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value function ofˆA is lower semicontinuous and the primal problem has an optimal
solution.

This fact is not surprising at all, since converse duality follows as a direct conse-
quence of the implication (i) ) (ii) in Theorem 1.4. Taking into consideration that
hA.0/ D v.PA/ 2 R (cf. (15.3)), one has in case hA is lower semicontinuous that
the problem .PA/ is normal and so v.PA/ D v.DA/. The converse duality is in this
way guaranteed.

16 Strong Lagrange and Fenchel–Lagrange Duality

In this section, we consider X and Z separated locally convex spaces, where Z is
partially ordered by the nonempty convex cone C � Z, S � X a nonempty and
convex set, f W X ! R a proper and convex function and g W X ! Z� a proper and
C -convex function such that domf \S \g�1.�C/ ¤ ;. For the primal optimiza-
tion problem with geometric and cone constraints .PC / we introduced in Section 3
via perturbation three conjugate dual problems. The general results given in Sec-
tion 14 allow the formulation of weak regularity conditions for these primal–dual
pairs. Considering ˆCF W X � X ! R, ˆCF .x; y/ D f .x C y/ C ıA.x/ as per-
turbation function, one obtains as a direct particularization of .RC id

5 / the following
regularity condition

.RC
CF

5 / f is lower semicontinuous, A is closed and f ���A is
lower semicontinuous and exact at 0,

while Theorem 15.2 furnishes the following strong duality statement.

Theorem 16.1. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such that
domf \ S \ g�1.�C/ ¤ ;. If .RCCF

5 / is fulfilled, then v.PC / D v.DCF / and
the dual has an optimal solution.

The Lagrange dual to .PC / has been introduced in Section 3 via the perturbation
function ˆCL W X � Z ! R, ˆCL.x; z/ D f .x/ C ıfu2S Wg.u/2z�C g.x/. If, addi-
tionally, S is closed, f is lower semicontinuous and g is C -epi closed, then ˆCL is
lower semicontinuous, too, and from .RCˆ5 / and Theorem 14.1 via (3.1), we obtain
a further regularity condition

.RC
CL

5 / S is closed, f is lower semicontinuous, g is C -epi closed and
x� 7! inf

z�2C�

.f C .z�g/C ıS /
�.x�/ is lower semicontinuous and

exact at 0,

respectively, a further strong duality theorem for Lagrange duality (see also [24]).

Theorem 16.2. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such that
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domf \S \g�1.�C/ ¤ ;. If .RCCL

5 / is fulfilled, then v.PC / D v.DCL/ and the
dual has an optimal solution.

Remark 16.3. In [86] Jeyakumar, Song, Dinh and Lee considered in the hypotheses
that X is a Fréchet space, S is closed, f W X ! R is a continuous function and g
is a star C -lower semicontinuous function as regularity condition for .PC / and its
Lagrange dual a sufficient condition called dual CQ .dCQ/. The set A is said to
fulfill .dCQ/ if

[
z�2C�

epi..z�g/C ıS /
� is closed in .X�; !.X�; X// � R:

From Theorem 8.2 one has in this situation that epi�A D [z�2C� epi..z�g/C ıS /
�

and from Theorems 5.5, 7.6 and 7.7, it yields

epi.f C ıA/� D cl!��R

�

[
z�2C�

epi.f C .z�g/C ıS /
�
�

D epif � C epi �A

D epif � C [
z�2C�

epi..z�g/C ıS /
� � [

z�2C�

epi.f C .z�g/C ıS /
�;

which further implies that [z�2C� epi.f C .z�g/ C ıS /
� is closed in .X�;

!.X�; X// � R. Therefore, in the hypotheses considered in [86] (whereby X can
be taken as a general separated locally convex space) one has not only strong dual-
ity for .PC / and .DCL/, but also stable strong duality. The same happens when
f W X ! R is continuous, g W X ! Z is continuous and .CCCQ/ holds, namely
[z�2C� epi.z�g/� C epi �S , which is in this case equal to [z�2C� epi..z�g/C ıS /

�,
is closed in .X�; !.X�; X// � R. This second condition has been considered by
Jeyakumar, Dinh and Lee in [84]. Consequently, both conditions are sufficient for
.RC

CL

5 / and there might occur situations, like the one in the following example,
where they fail, while the latter is fulfilled.

Example 16.4. Considering X D Z D R, S D R, C D RC, f .x/ D 0 and
g.x/ D x2, x 2 R, we have that (see also Example 8.12)

[
z�

2C�

epi.f C.z�g/CıS /� D epi f �C [
z�

2C�

epi..z�g/CıS /� D f0g�RC[R�.0;C1/;

which is obviously not a closed set. Thus .RCCL

4 / as well as the sufficient condi-
tions in [84, 86] fail.

For z� D 0 it holds .f C .z�g/ C ıS /
� D ıf0g while for z� > 0 and x� 2 R it

yields .f C .z�g/C ıS /
�.x�/ D supx2R

fx�x � z�x2g D .x�/2=.4z�/. This means
that for all x� 2 R, infz��0.f C .z�g/C ıS /

�.x�/ D 0 and this infimum is attained
at x� D 0. The regularity condition .RCCL

5 / holds and so we have a situation which
proves that this condition is weaker than .RCCL

4 /.

Taking as perturbation function ˆCFL W X � X � Z ! R, ˆCFL.x; y; z/ D
f .x C y/C ıfu2S Wg.u/2z�C g.x/, one can derive from .RCˆ5 / and by using (3.3) the
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following sufficient condition for strong duality for .PC / and its Fenchel–Lagrange
dual

.RC
CFL

5 / S is closed, f is lower semicontinuous, g is C -epi closed and
x� 7! inf

y�2X�

z�2C�

ff �.y�/C ..z�g/C ıS /
�.x� � y�/g is lower

semicontinuous and exact at 0,

while Theorem 14.1 furnishes the following strong duality result (see also [24]).

Theorem 16.5. Let S � X be a nonempty convex set, f W X ! R a proper
and convex function and g W X ! Z� a proper and C -convex function such that
domf \ S \ g�1.�C/ ¤ ;. If .RCCFL

5 / is fulfilled, then v.PC / D v.DCFL/ and
the dual has an optimal solution.

Remark 16.6. The fact that .RCCFL

4 / implies .RCCFL

5 / follows from the consider-
ations made in Remark 14.2. It is enough to consider the sets and the functions as
in the example above in order to see that the opposite implication is not true.

Remark 16.7. By taking into consideration (3.4) and Remark 3.7, it follows that
whenever .RCCFL

5 / is fulfilled, then one has v.PC / D v.DCL/ D v.DCF / D
v.DCFL/ and the dual problems have optimal solutions. Another sufficient condi-
tion for having strong duality for .PC / and .DCFL/ (as we have seen, this implies
the existence of strong duality for the other two primal–dual pairs) is the one given
in [39, Theorem 4.5], namely by asking that X is a Banach space, S a closed set,
f a lower semicontinuous function, g W X ! Z a continuous functions, f ���A
is lower semicontinuous and exact at 0 and [z�2C� epi.z�g/� C epi �S is closed in
.X�; !.X�; X// � R.

We replace the hypotheses of [39, Theorem 4.5] by some weaker conditions, by
takingX a separated locally convex space, S a closed set, f a lower semicontinuous
function and g a C -epi closed function such that

(i) f ���A is lower semicontinuous and exact at 0
(ii) [z�2C� epi..z�g/C ıS /

� is closed in .X�; !.X�; X// � R

and prove that even under these weak hypotheses .RCCFL

5 / holds. One can easily
notice that if g is continuous, then [z�2C� epi.z�g/�Cepi �S D [z�2C� epi..z�g/C
ıS /

� and this proves in fact that we are here in a weaker setting than in [39,
Theorem 4.5].

Indeed, by Theorems 7.6, 8.1 and 8.3 we have that for all x� 2 X�

.f C ıA/�.x�/ D cl!�

0

@ inf
y�2X�

z�2C�

ff �.y�/C ..z�g/C ıS /
�.x� � y�/g

1

A

D cl!�.f ���A/.x�/ D .f ���A/.x�/ D inf
y�2X�

ff �.y�/C �A.x� � y�/g
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D inf
y�2X�

�

f �.y�/C inf
z�2C�

..z�g/C ıS /
�.x� � y�/

�

D inf
y�2X�

z�2C�

ff �.y�/C ..z�g/C ıS /
�.x� � y�/g;

which means that x� 7! infy�2X�;z�2C�ff �.y�/ C ..z�g/ C ıS /
�.x� � y�/g is

lower semicontinuous. Moreover, since f ���A is exact at 0, there exists Ny� 2 X�
such that .f C ıA/�.0/ D f �. Ny�/C �A.� Ny�/. By Theorem 8.3, using that (ii) is
fulfilled, there exists Nz� 2 C � such that

�A.� Ny�/ D ı�
A.� Ny�/ D � inf

x2Sfh Ny�; xi C .Nz�g/.x/g D ..Nz�g/C ıS /
�.� Ny�/

and so

.f CıA/�.0/ D inf
y�2X�

z�2C�

ff �.y�/C..z�g/CıS /�.�y�/g D f �. Ny�/C..Nz�g/CıS /�.� Ny�/:

Consequently, x� 7! infy�2X�;z�2C�ff �.y�/C ..z�g/C ıS /
�.x� � y�/g is exact

at 0 and .RCCFL

5 / is satisfied.
For the problem treated in Example 16.4 we already have seen that .RCCFL

5 /

holds. Obviously, f ���A is lower semicontinuous and exact at 0. Nevertheless,
since [z�2C� epi..z�g/ C ıS /

� D f0g � RC [ R � .0;C1/, this set fails to be
closed, thus the assumption (ii) above is not fulfilled and one can conclude that
.RC

CFL

5 / is stronger than the condition used in [39, Theorem 4.5].

Remark 16.8. Concerning the relations between the closedness-type regularity con-
ditions introduced in this section for the problem with cone and geometric con-
straints, one can show that .RCCFL

5 / is weaker than .RCCF

5 / and .RCCL

5 /.

Indeed, assume .RCCFL

5 / fulfilled. We have

.f C ıA/� D cl!�.f ���A/ D inf
y�2X�

z�2C�

ff �.y�/C ..z�g/C ıS /
�.� � y�/g

� inf
y�2X�

ff �.y�/C �A.� � y�/g D f ���A

and, therefore, f ���A is lower semicontinuous. At x� D 0 we have that there
exists . Ny�; Nz�/ 2 X� � C � with

.f CıA/�.0/ D f �. Ny�/C..Nz�g/CıS /�.� Ny�/ � f �. Ny�/C�A.� Ny�/ � .f CıA/�.0/

and this provides the exactness of f ���A at 0. Therefore, .RCCFL

5 / ) .RC
CF

5 /.
For the problem in Example 8.12, we have proved that .RCCF

4 / is satisfied and,
consequently, .RCCF

5 / is satisfied, too. Let be x�; y� 2 R. For z� D 0 one has
that f �.y�/ C ..z�g/ C ıS /

�.x� � y�/ is equal to 0 if x� D y� D 1, being
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C1, otherwise. For z� > 0 it holds f �.y�/C ..z�g/ C ıS /
�.x� � y�/ D .x� �

1/2=4z� if y� D 1, being also equal to C1, otherwise. Thus the function x� 7!
infy�2X�;z��0ff �.y�/C ..z�g/C ıS /

�.x� �y�/g, which is identical to 0, is lower
semicontinuous, but it is not exact at 0. In conclusion, the implication proved above
does not hold as equivalence.

We come now to the investigation of the relationship between .RCCFL

5 / and
.RC

CL

5 /. Since (cf. Theorem 8.1)

.f C ıA/� D cl!�

�

inf
z�2C�

.f C .z�g/C ıS /
�.�/

�

D inf
y�2X�

z�2C�

ff �.y�/C ..z�g/C ıS /
�.� � y�/g � inf

z�2C�

.f C .z�g/C ıS /
�.�/;

the mapping x� 7! infz�2C�.f C .z�g/C ıS /
�.x�/ turns out to be lower semicon-

tinuous. At x� D 0, we have that there exists . Ny�; Nz�/ 2 X� � C � with

.f CıA/�.0/ D f �. Ny�/C..Nz�g/CıS /�.� Ny�/ � .f C.Nz�g/CıS /�.0/ � .f CıA/�.0/

and this provides the exactness of x� 7! infz�2C�.f C .z�g/ C ıS /
�.x�/ at 0.

Therefore, .RCCFL

5 / ) .RC
CL

5 /. Denote by k � k the Euclidean norm on R
2 and

take X D R
2, Z D R, C D RC, S D f.x1; x2/T 2 R

2 W k.x1; x2/T k � 1g,
f .x1; x2/ D ıŒ1;C1/�R.x1; x2/ C x2, .x1; x2/T 2 R

2, and g identical to 0. Then
infz��0.f C .z�g/C ıS /

� D .f C ıS /
� and this function is lower semicontinuous

and exact everywhere, which means that .RCCL

4 / and, consequently, .RCCL

5 / are
fulfilled. On the other hand, for all .x�

1 ; x
�
2 /
T 2 R

2 it yields (see also Example 15.3)

inf
.y�

1
;y�

2
/T 2R2;z��0

ff �.y�
1 ; y

�
2 /C ..z�g/C ıS /

�.x�
1 � y�

1 ; x
�
2 � y�

2 /g

D inf
.y�

1
;y�

2
/T 2R

2

y�

1
�0;y�

2
D1

�

y�
1 C

q

.x�
1 � y�

1 /
2 C .x�

2 � y�
2 /
2

�

D x�
1 C inf

v�

1
�x�

1

.x�
2 � 1/2

p

.v�
1/
2 C .x�

2 � 1/2 C v�
1

D x�
1 :

Even if .x�
1 ; x

�
2 / 7! inf.x�

1
;x�

2
/T 2R2;z��0ff �.y�

1 ; y
�
2 /C..z�g/CıS /�.x�

1 �y�
1 ; x

�
2 �

y�
2 /g is lower semicontinuous, it is not exact at .0; 0/T and therefore .RCCFL

5 / fails
in this case, too.

In the remaining of the section, we equivalently characterize the fulfillment of
the condition on the feasible set A introduced in Remark 16.3 under the name dual
.CQ/ .dCQ/. To this end, we additionally assume that S is a closed set and g is a
C -epi closed function such that A is nonempty. One should notice that it is enough
to suppose that g is continuous at some point of A (even if one renounces at the
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topological assumptions from above) in order to have that .dCQ/ coincides with
.CCCQ/. The following assertion is a direct consequence of Theorem 8.3.

Theorem 16.9. The set A fulfills .dCQ/ if and only if for all x� 2 X� one has
infx2Ahx�; xi D maxz�2C� infx2Sfhx�; xi C .z�g/.x/g.

We use this result for proving the following statement (see [31]).

Theorem 16.10. The set A fulfills .dCQ/ if and only if for each proper, convex and
lower semicontinuous function f W X ! R which satisfies domf \ A ¤ ; and
.RC

CF

5 / one has that v.PC / D v.DCL/ D v.DCF / D v.DCFL/ and the dual
problems have optimal solutions.

Proof. The sufficiency follows from the previous theorem by taking f linear and
continuous. Notice that every linear continuous function satisfies .RCCF

5 /.
For proving the necessity we consider a function f , which fulfills the hypotheses.

Then there exists Ny� 2 X� such that .f C ıA/�.0/ D .f ���A/.0/ D f �. Ny�/C
�A.� Ny�/. Now, by Theorem 16.9, there is a Nz� 2 C � fulfilling

�A.� Ny�/ D � inf
x2Sfh Ny�; xi C .Nz�g/.x/g D ..Nz�g/C ıS /

�.� Ny�/

and so v.PC / D �.f C ıA/�.0/ D �f �. Ny�/� ..Nz�g/C ıS /
�.� Ny�/ D v.DCFL/.

The conclusion follows via Remark 3.7. �

Remark 16.11. In Theorem 16.10 instead of .RCCF

5 / one can consider each of the

regularity conditions .RCCF

i /; i 2 f1; 2; 3; 4g.

Remark 16.12. The Farkas–Minkowski property of a system of (infinitely many)
convex or linear inequalities has been treated in the literature dealing with semi-
infinite programming problems (see, for instance [64,74,75,82]) and turns out to be
a special case of .dCQ/.

Indeed, let T be an arbitrary index set and consider a family of functions gt W
X ! R; t 2 T;which are convex and continuous at some point of fx 2 S W gt .x/ �
0; t 2 T g. Take C D R

TC and define g W X ! R
T as being g.x/ D .gt .x//t2T .

We note that in this setting g does not need to be R
TC-epi closed. Given these, the

condition .dCQ/ becomes equivalent to saying that

coneco.[t2T epig�
t /C epi�S is closed in .X�; !.X�; X// � R;

which is actually the Farkas–Minkowski condition .FM/ in [74]. Indeed, for
each z� 2 .RTC/� one has, by Theorems 5.5, 7.6 and 7.7 epi..z�g/ C ıS /

� D
P

t2T z�
t epig�

t C epi�S . Further,

[
z�2.RT

C
/�

epi..z�g/CıS /� D
(

X

t2T 0

z�
t epig�

t W T 0 � T; jT 0j < C1; z�
t > 0; t 2 T 0

)
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[f0g � RC C epi �S D coneco

�

[
t2T epig�

t [ f.0; 1/g C epi�S

�

D coneco

�

[
t2T epig�

t

�

C epi�S ; since f0g � RC � epi�S :

The following theorem provides optimality conditions for the problem .PC /. For
more results of this kind we refer the reader to [31].

Theorem 16.13. If A fulfills the condition .dCQ/ and f W X ! R is a proper,
convex and lower semicontinuous function which satisfies .RCCF

5 /, then Nx 2
domf \ A is an optimal solution to .PC / if and only if there is some Nz� 2 C �
such that .Nz�g/. Nx/ D 0 and 0 2 @f . Nx/C @..Nz�g/C ıS /. Nx/.
Proof. Since .dCQ/ holds, then by Theorem 8.6 (i) ) (ii), one has

@ıA.x/ D [
z�2C�

.z�g/.x/D0
@..z�g/C ıS /.x/ 8x 2 A:

We know that Nx 2 domf \ A is an optimal solution to .PC / if and only if 0 2
@.f C ıA/. Nx/. The necessity follows by taking into consideration that we always
have

@f . Nx/C [
z�2C�

.z�g/. Nx/D0
@..z�g/C ıS /. Nx/ � @.f C ıA/. Nx/:

For the sufficiency we use .RCCF

5 / and obtain an element Ny� 2 X� such that
.f C ıA/�.0/ D f ���A.0/ D f �. Ny�/C �A.� Ny�/. Further, we get

0 D f . Nx/C .f C ıA/�.0/ D f . Nx/C ıA. Nx/C f �. Ny�/C �A.� Ny�/ � 0

and thus one must have equalities in the Young–Fenchel inequalities for the pairs
f and f � and ıA and �A, respectively, i.e. Ny� 2 @f . Nx/ and � Ny� 2 @ıA. Nx/. Thus
there exists Nz� 2 C � fulfilling .Nz�g/. Nx/ D 0 and � Ny� 2 @..Nz�g/C ıS /. Nx/ and the
conclusion follows. �

17 Total Lagrange and Fenchel–Lagrange Duality

Next, we deal with another instance of strong duality for the problem .PC / and
its Lagrange and Fenchel–Lagrange duals, namely the situation when additionally
an optimal solution of the primal problem is assumed to be known. We call this
situation total duality. We keep on working in the setting from the previous section
and prove for the beginning the following result (see also [31, Theorem 3]).
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Theorem 17.1. Let be Nx 2 domf \ A. Then

@.f C ıA/. Nx/ D [
z�2C�

.z�g/. Nx/D0
@.f C .z�g/C ıS /. Nx/ (17.1)

if and only if for each x� 2 X� for which the infimum over A of the function
f C hx�; �i is attained at Nx one has

f . Nx/C hx�; Nxi D min
x2Aff .x/C hx�; xig D max

z�2C�

inf
x2Sff .x/C hx�; xi C .z�g/.x/g:

(17.2)

Proof. Let Nx 2 domf \ A be fixed.
“)” Take x� 2 X� such that Nx solves infx2Aff .x/Chx�; xig. Thus 0 2 @.f C

hx�; �i C ıA/. Nx/ or, equivalently, �x� 2 @.f C ıA/. Nx/. Because (17.1) is satisfied
at Nx, there is some Nz� 2 C � such that .Nz�g/. Nx/ D 0 and �x� 2 @.f C .Nz�g/ C
ıS /. Nx/ , 0 2 @.f C hx�; �i C .Nz�g/C ıS /. Nx/, which is the same with

f . Nx/C hx�; Nxi D f . Nx/C hx�; Nxi C .Nz�g/. Nx/ D inf
x2Sff .x/C hx�; xi C .Nz�g/.x/g:

Because the inequality

inf
x2Aff .x/C hx�; xig � sup

z�2C�

inf
x2Sff .x/C hx�; xi C .z�g/.x/g

is always fulfilled, we get (17.2).
“(” Since the inclusion

[
z�2C�

.z�g/. Nx/D0
@.f C .z�g/C ıS /. Nx/ � @.f C ıA/. Nx/

holds always, we have to prove only the reversed one. Take x� 2 @.f CıA/. Nx/. This
means that Nx solves the problem infx2Aff .x/ � hx�; xig. By (17.2) there is some
Nz� 2 C � such that f . Nx/ � hx�; Nxi D infx2Sff .x/ � hx�; xi C .Nz�g/.x/g. As the
infimum in the right-hand side is less than or equal to f . Nx/�hx�; NxiC.Nz�g/. Nx/, we
get that .Nz�g/. Nx/ � 0. Thus, because Nx 2 A and Nz� 2 C �, we have .Nz�g/. Nx/ D 0.
This yields

f . Nx/� hx�; Nxi C .Nz�g/. Nx/ D inf
x2Sff .x/ � hx�; xi C .Nz�g/.x/g;

which leads to 0 2 @.f � hx�; �i C .Nz�g/C ıS /. Nx/, i.e.

x� 2 @.f C .Nz�g/C ıS /. Nx/ � [
z�2C�

.z�g/. Nx/D0
@.f C .z�g/C ıS /. Nx/:

The inclusion “�” in (17.1) is fulfilled, too, and this concludes the proof. �
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A similar statement to Theorem 17.1, involving the Fenchel–Lagrange dual prob-
lem of infx2Aff .x/Chx�; xig, where x� 2 X�, is given in the following. The proof
can be made in the lines of the one above and therefore we omit it. For more results
of this kind we refer to [30].

Theorem 17.2. Let be Nx 2 domf \ A. Then

@.f C ıA/. Nx/ D @f . Nx/C [
z�2C�

.z�g/. Nx/D0
@..z�g/C ıS /. Nx/ (17.3)

if and only if for each x� 2 X� for which the infimum over A of the function
f C hx�; �i is attained at Nx one has

f . Nx/Chx�; Nxi D min
x2Aff .x/Chx�; xig D max

y�2X�;z�2C�

f�f �.y�/�.z�g/�S .�y�/g:
(17.4)

When f is identical to 0, then (17.1) and (17.3) collapse into a sufficient condi-
tion which refers to the set of constraints A. This kind of regularity conditions are
called constraint qualifications. We say that the set A fulfills the generalized Basic
Constraint Qualification .gBCQ/ at x 2 A if

@ıA.x/ D [
z�2C�

.z�g/.x/D0
@..z�g/C ıS /.x/:

If the set A fulfills .gBCQ/ for all x 2 A we say that A fulfills the generalized
Basic Constraint Qualification .gBCQ/. The characterization of .gBCQ/ from
below follows as a consequence of Theorem 17.1 (or Theorem 17.2).

Corollary 17.3. The set A fulfills .gBCQ/ at Nx 2 A if and only if for all
x� 2 X� such that hx�; �i attains its infimum over A at Nx one has hx�; Nxi D
minx2Ahx�; xi D maxz�2C� infx2Sfhx�; xi C .z�g/.x/g.

The next theorem characterizes by using .gBCQ/ the existence of strong duality
for the convex optimization problem .PC / and its three conjugate duals.

Theorem 17.4. The set A fulfills .gBCQ/ at Nx 2 A if and only if for each proper,
convex and lower semicontinuous function f W X ! R such that domf \ A ¤ ;
which satisfies .RCCF

5 / and attains its minimum over A at Nx one has that v.PC / D
v.DCL/ D v.DCF / D v.DCFL/ and the dual problems have optimal solutions.

Proof. As the sufficiency follows obviously from the preceding corollary by taking
f linear and continuous, we have only to show the necessity. To this aim, take f
as requested in the hypothesis. We have f . Nx/ D infx2A f .x/ D �.f C ıA/�.0/.
As in the proof of Theorem 16.13, one gets that there exists some Ny� 2 @f . Nx/
such that � Ny� 2 @ıA. Nx/. Since .gBCQ/ is fulfilled at Nx, there is a Nz� 2 C �
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such that .Nz�g/. Nx/ D 0 and � Ny� 2 @..Nz�g/ C ıS /. Nx/. Consequently, ..Nz�g/ C
ıS /. Nx/ C ..Nz�g/ C ıS /

�.� Ny�/ D h� Ny�; Nxi and this yields f . Nx/ D �f �. Ny�/ �
..Nz�g/ C ıS /

�.� Ny�/ D 0. Thus v.PC / D v.DCFL/ and . Ny�; Nz�/ 2 X� � C �
is an optimal solution of the Fenchel–Lagrange dual problem. By Remark 3.7 the
conclusion follows. �

By combining the last two results, we obtain the following characterization for
.gBCQ/.

Theorem 17.5. The following statements are equivalent:

(i) A fulfills the condition .gBCQ/;
(ii) for each x� 2 X� such that hx�; �i attains its minimum over A one has

min
x2Ahx�; xi D max

z�2C�

inf
x2Sfhx�; xi C .z�g/.x/gI

(iii) for each proper, convex and lower semicontinuous function f W X ! R such
that domf \ A ¤ ; which satisfies .RCCF

5 / and attains its minimum over A
one has

min
x2Af .x/ D max

z�2C�

inf
x2Sff .x/C .z�g/.x/g:

Remark 17.6. One can replace in Theorems 17.4 and 17.5 the regularity condition
.RC

CF

5 / by any of the conditions .RCCF

i /, i 2 f1; 2; 3; 4g, without altering the
validity of the results. When g is continuous at some point of A, .gBCQ/ turns at
each x 2 A into

@ıA.x/ D [
z�2C�

.z�g/.x/D0
@.z�g/.x/C ıS .x/:

Remark 17.7. As in Remark 16.12, let T be an arbitrary index set and consider a
family of functions gt W X ! R; t 2 T; which are convex and continuous at some
point of fx 2 S W gt .x/ � 0; t 2 T g. Take C D R

TC and define g W X ! R
T as

being g.x/ D .gt .x//t2T . In this setting, the condition .gBCQ/ at x becomes the
so-called locally Farkas–Minkowski condition .LFM/ at x (cf. [64, 69, 74])

@ıA.x/ D coneco

�

[
t2T .x/

@gt .x/

�

C @ıS .x/;

where T .x/ D ft 2 T W gt .x/ D 0g. Indeed, using that gt ; t 2 T , is continuous at
some point in A, from Theorems 5.5, 8.3 and 8.6 one has that .gBCQ/ at x turns
into

@ıA.x/ D [
z�

2.RT
C
/�

.z�g/.x/D0

@

 

X

t2T
z�
t gt

!

.x/C @ıS .x/
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D [
z�

2.RT
C
/�

.z�g/.x/D0

�

X

t2T 0

z�
t @gt .x/ W T 0 � T; jT 0j < C1; z�

t > 0; gt .x/ D 0 8t 2T 0
�

[f0g

C@ıS .x/ D coneco

�

[
t2T .x/

@gt .x/

�

C @ıS .x/:

Consequently, Theorem 17.5 yields a similar result like [74, Theorem 5.1], while it
improves the conditions put on f in statement (iii).

We want to mention that recently an extended formulation of the locally Farkas–
Minkowski condition, which can be also derived from the general subdifferential
sum formulae given in Section 8, was employed in [65] in characterizing the subdif-
ferentials of the infimal value functions of several classes of difference-convex (DC)
and bilevel infinite and semi-infinite programs. Here techniques from the convex
analysis join the ones coming from the variational analysis (see [99, 100]).

If T is a finite index set and S D X , .gBCQ/ is actually the condition .BCQ/
considered in [123]. When U D X and x 2 bd.A/, .gBCQ/ at x becomes the con-
dition .BCQ/ at x in [80]. Considering A 2 R

m�n, b 2 R
m, the convex functions

cj W R
n ! R, j D 1; : : : ; r , and A D fx 2 R

n W Ax D b; cj .x/ � 0; j D
1; : : : ; rg, .gBCQ/ becomes exactly the basic constraint qualification .BCQ/ in
its original formulation due to Hiriart-Urruty and Lemaréchal (cf. [79]).



Chapter V
Unconventional Fenchel Duality

18 Totally Fenchel Unstable Functions

In the fifth chapter of this work, we give some new insights into the classical Fenchel
duality. The first two sections deal with the concept of totally Fenchel unstable func-
tions introduced by Stephen Simons in [120], while in the remaining sections we
turn our attention to the study of some “unconventional” regularity conditions for
Fenchel duality expressed via the quasi interior and the quasi-relative interior of
the domains and epigraphs of the functions involved.

Let X be a separated locally convex space, X� its topological dual space and
f; g W X ! R two arbitrary proper functions. According to the terminology used in
Section 5 (see also Definition 5.4), we say that f and g satisfy stable Fenchel duality
if for all x� 2 X�, there exists y� 2 X� such that .f Cg/�.x�/ D f �.x� �y�/C
g�.y�/. If this property holds for x� D 0, then f; g satisfy the classical Fenchel
duality. Due to Stephen Simons (see [120]), the pair f; g is said to be totally Fenchel
unstable if f and g satisfy Fenchel duality, but

y�; z� 2 X� and .f C g/�.y� C z�/ D f �.y�/C g�.z�/ H) y� C z� D 0:

A geometric characterization of these notions in terms of the epigraphs of the
conjugates of the functions involved is given below. As pointed out in the dis-
cussion made below Theorem 7.7, if f and g are proper functions such that
domf \ domg ¤ ;, then stable Fenchel duality is equivalent to the relation
epi.f C g/� D epif � C epig�. As seen in Section 7, a necessary and sufficient
condition for this equality whenever f and g are proper, convex and lower semi-
continuous functions such that domf \ domg ¤ ; is to have that epif � C epig�
is closed in .X�; !.X�; X// � R.

Whenever f and g are proper functions such that domf \ domg ¤ ; one can
prove that Fenchel duality is equivalent to the relation

epi.f C g/� \ .f0g � R/ D .epi f � C epig�/\ .f0g � R/:

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 5,
c� Springer-Verlag Berlin Heidelberg 2010
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The proof of this assertion can be gathered from the one of Proposition 18.1. Before
coming to this result, we want to notice that in case f and g are proper, convex and
lower semicontinuous functions such that domf \ domg ¤ ; Fenchel duality is
nothing else than saying that epi f � C epig� is closed regarding the set f0g � R in
.X�; !.X�; X// � R.

As for all y�; z� 2 X� it holds

.f C g/�.y� C z�/ � f �.y�/C g�.z�/; (18.1)

then a pair f; g of proper functions is totally Fenchel unstable if and only if

9y� 2 X� W .f C g/�.0/ D f �.�y�/C g�.y�/ (18.2)

and

8x� 2 X� n f0g;8z� 2 X� W .f C g/�.x�/ < f �.x� � z�/C g�.z�/: (18.3)

This means that if the pair f; g is totally Fenchel unstable one must have that
domf \ domg ¤ ;. Indeed, if this is not the case, then f C g is identical
to C1 and, consequently, .f C g/� is identical to �1. By (18.2) there exists
y� 2 X� such that f �.�y�/C g�.y�/ D �1. But, f and g being proper, we get
f �.�y�/ > �1 and g�.y�/ > �1, a contradiction.

Proposition 18.1. Let f; g W X ! R be proper functions such that domf \
domg ¤ ;. Then, the pair f; g is totally Fenchel unstable if and only if

epi.f C g/� \ .f0g � R/ D .epif � C epig�/\ .f0g � R/ (18.4)

and there is no x� 2 X� n f0g such that

epi.f C g/� \ .fx�g � R/ D .epif � C epig�/\ .fx�g � R/: (18.5)

Proof. We notice first that we always have epi.f C g/� � epif � C epig�. As
domf \ domg ¤ ;, .f C g/� never attains �1.

“)” In case .f C g/�.0/ D C1, the set epi.f Cg/� \ .f0g � R/ is empty and
(18.4) follows automatically. In case .f C g/�.0/ 2 R, take an arbitrary element
r 2 R fulfilling .f C g/�.0/ � r . By (18.2) there exists y� 2 X� such that
f �.�y�/C g�.y�/ � r and so

.0; r/ D .�y�; f �.�y�//C .y�; r � f �.�y�// 2 .epif � C epig�/\ .f0g � R/:

Also in this case (18.4) follows.
Assume now that for x� 2 X� n f0g relation (18.5) is fulfilled. As (18.3) implies

.f Cg/�.x�/ < C1, we have .f Cg/�.x�/ 2 R. In this case .x�; .f Cg/�.x�// 2
epi.f C g/� \ .fx�g � R/ and so .x�; .f C g/�.x�// 2 epif � C epig�. Thus
there exist .y�; s/ 2 epif � and .z�; t/ 2 epig� such that y� C z� D x� and
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s C t D .f C g/�.x�/. This means that f �.y�/C g�.z�/ � .f C g/�.y� C z�/,
which contradicts (18.3).

“(” We prove first that Fenchel duality holds. If .f C g/�.0/ D C1 this
follows automatically from (18.1). If .f C g/�.0/ 2 R, then .0; .f C g/�.0// 2
epif � C epig� and so there exist .�y�; s/ 2 epi f � and .y�; t/ 2 epig� such that
sC t D .f C g/�.0/. Thus f �.�y�/C g�.y�/ � .f C g/�.0/ and the conclusion
follows.

Further, assume that there exist y�; z� 2 X� such that y� Cz� ¤ 0 and .f Cg/�
.y� C z�/ D f �.y�/C g�.z�/. As (18.5) does not hold with equality we get .f C
g/�.y� C z�/ 2 R. For all r 2 R such that .f C g/�.y� C z�/ � r it holds
.y� C z�; r/ 2 .epif � C epig�/ \ .fy� C z�g � R/. This implies that (18.5) is
satisfied for x� D y� C z� ¤ 0, a contradiction. �

Obviously, stable Fenchel duality implies Fenchel duality, but the converse is not
true (see for instance Example 15.3 but also the example in [40, pp. 2798–2799] and
Example 11.1 in [120]). Nevertheless, each of these examples fails when one tries
to verify total Fenchel unstability. In the infinite dimensional setting the problem of
providing a pair of proper and convex totally Fenchel unstable functions received
an answer, due to the existence of extreme points which are not support points of
certain convex sets. Recall that if C is a convex subset ofX , then x 2 C is a support
point of C if there exists x� 2 X�, x� ¤ 0, such that hx�; xi D supc2C hx�; ci.

We give below an example proposed in [120] of a pair f , g which is totally
Fenchel unstable. To this aim, we suppose that X is a nonzero real Banach space
and that its topological dual X� is endowed with the norm topology.

Example 18.2. (cf. [120, Example 11.3]) Let C be a nonempty, bounded, convex
and closed subset of X such that there exists an extreme point x0 of C which is not
a support point of C . Take f WD ıx0�C and g WD ıC�x0

. The fact that x0 is an
extreme point of C implies that f C g D ıf0g. The conjugates of the functions f
and g are

f �.y�/ D hy�; x0i � inf
c2Chy�; ci � 0 8y� 2 X�

and
g�.z�/ D sup

c2C
hz�; ci � hz�; x0i � 0 8z� 2 X�:

Since .f Cg/�.0/ D f �.0/Cg�.0/, f and g satisfy Fenchel duality. For x� 2 X�
we consider y�; z� 2 X� such that y� C z� D x� and f �.y�/ C g�.z�/ D
.f C g/�.x�/ D 0. It follows that f �.y�/ D g�.z�/ D 0. Consequently,
infc2C hy�; ci D hy�; x0i and supc2C hz�; ci D hz�; x0i. As x0 is not a support
point of C we must have y� D z� D 0. Thus x� D 0 and the pair f; g fails to be
totally Fenchel unstable.

An example of a set C and a point x0 with the above mentioned properties was
also given in [120], following an idea due to Jonathan Borwein. For X D `2, 1 <
p < 2, C D fx 2 `2 W kxkp � 1g one has that x is an extreme point of C if and
only if kxkp D 1. For x 2 C with kxkp D 1 it yields that x is a support point of C



108 V Unconventional Fenchel Duality

if and only if x 2 `2.p�1/ (cf. [120]). As 2.p � 1/ < p there exist extreme points
of C which are not support points.

Regarding the functions defined in the above example, Stephen Simons asked
whether the following representation of the Minkowski sum of the sets epif � and
epig� is true:

epif � C epig� D f.0; 0/g [ �

X� � .0;C1/
�

: (18.6)

The inclusion “�” in (18.6) is obvious and, since .0; 0/ D .0; 0/ C .0; 0/ 2
epif � C epig�, relation (18.6) is equivalent to

epi f � C epig� 	 X� � .0;C1/: (18.7)

Let us mention that for the implication (18.7))(18.6) the assumption that x0 is not
a support point of C is decisive. One should also notice that the boundedness of the
set C guarantees that domf � D domg� D X�, thus f � and g� are continuous
functions (see [127, Theorem 2.2.9]).

In case X is reflexive Simon’s question gets a positive answer. Although the
proof is given in [120, Example 11.3], we give here the details for the reader’s
convenience. Let y� 2 X� be arbitrary. Consider the functions h W X� ! R and
k W X� ! R defined by h.z�/ WD f �.z�/ and k.z�/ WD g�.y� �z�/ for all z� 2 X�.
Since h and k are continuous, it follows that h and k satisfy Fenchel duality (see
Theorem 2.2). This and the reflexivity of the space X gives

� inf
z�2X�

fh.z�/C k.z�/g D .hC k/�.0/ D min
z2X fh�.z/C k�.�z/g:

A simple computation shows that h�.z/ D f .z/ and k�.�z/ D g.z/� hy�; zi for all
z 2 X . Hence

� inf
z�2X�

fh.z�/Ck.z�/g D min
z2X ff .z/Cg.z/�hy�; zig D min

z2X fıf0g.z/�hy�; zig D 0;

consequently, for all " > 0, there exists z� 2 X� such that h.z�/C k.z�/ � ", that
is f �.z�/ C g�.y� � z�/ � ". This means exactly that .y�; "/ 2 epi f � C epig�,
hence the proof of (18.7) is complete.

Remark 18.3. With respect to the proof given above, one can notice that relation
(18.6) is fulfilled if and only if for all y� 2 X� and for all " > 0 there exists z� 2 X�
such that f �.z�/Cg�.y� � z�/ � ". This is further equivalent to the statement that
there exists z� 2 X� such that for all x; y 2 X , f .x/ C g.y/ � hz�; x � yi �
hy�; yi � ". Using the Hahn–Banach–Lagrange theorem (see [120, Theorem 1.11]),
this is equivalent to the following: there exists M � 0 such that for all x; y 2 X ,
f .x/ C g.y/ C M kx � yk � hy�; yi � ", that is to say there exists M � 0 such
that for all u; v 2 C , M ku C v � 2x0k � hy�; v � x0i � ".
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Following this observation Stephen Simons proposed the following problem (see
[120, Problem 11.5]).

Problem 18.4. Let C be a nonempty, bounded, convex and closed subset of a non-
reflexive Banach space X , x0 be an extreme point of C , y� 2 X� and " > 0. Then
does there always exist M � 0 such that for all u; v 2 C , M ku C v � 2x0k �
hv � x0; y�i � "? If the answer to this question is positive, then

epi ı�
x0�C C epi ı�

C�x0
	 X� � .0;C1/:

In the following, we give an answer to Problem 18.4 and show that in the non-
reflexive case the answer depends on whether x0 is a weak�-extreme point of C or
not. We recall that x0 is a weak�-extreme point (see [92]) of the nonempty, bounded,
convex and closed set C � X if bx0 is an extreme point of cl!� .bC/; where the clo-
sure is taken with respect to the weak� topology !.X��; X�/. One can easily show
that if x0 is a weak�-extreme point of C , then x0 is an extreme point of C .

Remark 18.5. The history of the notion of weak�-extreme point goes back to the
paper of Phelps [109], where the author asked the following: must the image bx of
an extreme point of x 2 BX (the unit ball of X ) be an extreme point of BX��

(the unit ball of the bidual)? We recall that by the Goldstine theorem (see pp. 126–
127 in [77]), the closure of dBX in the weak� topology !.X��; X�/ is BX�� , hence
the generalization to a nonempty, bounded, convex and closed set is natural. In the
spaces C.X/ and Lp.1 � p � 1/ all the extreme points of the corresponding unit
balls are weak�-extreme points (see [101]). The first example of a Banach space the
unit ball of which contains elements which are not weak�-extreme was suggested by
K. de Leeuw and proved by Y. Katznelson (see the note added at the end of [109]).
For the general case when C is a bounded, convex and closed set we refer to [43]
and [92] for more on this subject. We recall from [43] the following result: a Banach
spaceX has the Radon–Nikodým property if and only if every bounded, convex and
closed subset C of X has a weak�-extreme point. Of course, in a Radon–Nikodým
space it is possible that some of the extreme points are not weak�-extreme points.

The answer to Problem 18.4 will be the consequence of some general results that
we prove in the following. Consider the proper and convex functions f; g W X ! R

with the properties domf \ domg ¤ ;, cl!�
bf and cl!� bg are proper, f ��.0/C

g��.0/ � 0 and domf � C domg� D X�. Here bf W X�� ! R is the function we
attached to f in Lemma 10.1, defined by bf .x��/ D f .x/, if x�� D bx 2 bX and
bf .x��/ D C1, otherwise, while cl!�

bf is the lower semicontinuous hull of bf in
the topology !.X��; X�/. The same applies for bg and cl!� bg, respectively. Define
the function P W X� ! R, P.z�/ D .f �� C g��/�.z�/.

Let y� 2 X� be fixed. Consider also the functions h W X� ! R and k W X� ! R

defined by h.z�/ WD f �.z�/ and k.z�/ WD g�.y� � z�/ for all z� 2 X�.
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Lemma 18.6. We have

(i) infz�2X�fh.z�/C k.z�/g D P.y�/;
(ii) If � 2 R then

.y�; �/ 2 epif � C epig� , there exists z� 2 X� such that .hC k/.z�/ � �:

Proof. (i) Since domh D domf � and dom k D y� � domg�, we get domh �
domk D �y� C dom f � C domg� D X�. It follows that for h and k the regularity
condition .RC id

2 / is fulfilled and thus, by Theorem 2.2, we obtain

inf
z�2X�

fh.z�/C k.z�/g D max
z��2X��

f�h�.z��/ � k�.�z��/g:

As h�.z��/ D f ��.z��/ and k�.�z��/ D g��.z��/ � hz��; y�i for all z�� 2 X��
the conclusion follows easily.

(ii) This part is immediate from the definition of the functions h and k. �
Lemma 18.7. Let .y�; �/ 2 X� � R. Then:

� > P.y�/ ) .y�; �/ 2 epif � C epig� ) � � P.y�/:

Proof. If � > P.y�/, then Lemma 18.6(i) gives an z� 2 X� such that .hCk/.z�/ <
� and so Lemma 18.6(ii) implies that .y�; �/ 2 epif � C epig�.

On the other hand, if .y�; �/ 2 epi f � C epig�, from Lemma 18.6(ii), there
exists z� 2 X� such that .hCk/.z�/ � �. Hence infx�2X�.hCk/.x�/ � � and so,
from Lemma 18.6(i), we obtain � � P.y�/. �

We come now to the result which leads to the answer to Problem 18.4 (see also
[16]).

Theorem 18.8. We haveX��.0;C1/ 
 epif �Cepig� if and only if dom.cl!�
bf /

\ dom.cl!� bg/ D f0g.

Proof. By Lemma 10.1 we have for all y� 2 X� that

P.y�/ D sup
z��2dom.cl!�

bf /\dom.cl!� bg/

n

hz��; y�i � cl!�
bf .z��/ � cl!� bg.z��/

o

:

Let us suppose first that X� � .0;C1/ 
 epif � C epig�. Thus, for all y� 2 X�
and � > 0, .y�; �/ 2 epi f � C epig� and so, from Lemma 18.7, we get P.y�/ �
�. We obtain P.y�/ � 0 for all y� 2 X�, that is hz��; y�i � cl!�

bf .z��/ �
cl!� bg.z��/ � 0 for all y� 2 X� and z�� 2 dom.cl!�

bf / \ dom.cl!� bg/, from
which follows that dom.cl!�

bf /\ dom.cl!� bg/ D f0g.
For the reverse implication, one can notice that if dom.cl!�

bf /\dom.cl!� bg/ D
f0g one has P.y�/ D � cl!�

bf .0/ � cl!� bg.0/ D �f ��.0/ � g��.0/ � 0 for all
y� 2 X�. From Lemma 18.7, for all y� 2 X� and � > 0, .y�; �/ 2 epif �C epig�,
hence X� � .0;C1/ 
 epi f � C epig�. �
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Consider now the following particular setting: C is a nonempty, bounded and
convex subset of the Banach space X , x0 2 C , f WD ıx0�C and g WD ıC�x0

.

We have f � D ı�
x0�C , g� D ı�

C�x0
, domf � D domg� D X�, bf D ı

bx0�bC
,

cl!�
bf D ı

bx0�cl!� .bC/
, thus, in view of Corollary 10.2, f �� D ı

bx0�cl!� .bC/
. Further,

g�� D ıcl!� .bC/�bx0
. Applying Theorem 18.8 to this particular instance (the hypothe-

ses regarding the functions f and g are obviously fulfilled), we obtain the following
result.

Corollary 18.9. We haveX� � .0;C1/ 
 epi ı�
x0�C C epi ı�

C�x0
if and only if x0

is a weak�-extreme point of C .

Remark 18.10. Corollary 18.9 shows that the answer to Problem 18.4 is affirma-
tive if and only if x0 is a weak�-extreme point of C . The closedness of the set C ,
requested in [120], is not necessary for this result.

We conclude the section by providing via a minmax result an alternative proof of
Corollary 18.9, hence an alternative solution to Problem 18.4 (see [16]).

Alternative solution to Problem 18.4. Let y� 2 X� and " > 0 be arbitrary. In
view of Remark 18.3, the condition .y�; "/ 2 epif � C epig� is equivalent to the
statement that there exists z� 2 X� such that for all x; y 2 X f .x/ C g.y/ �
hz�; x � yi � hy�; yi � ", which is nothing else than there exists z� 2 X� such
that for all u; v 2 C , hu C v � 2x0; z�i C hy�; x0 � vi � �". Hence the inclusion
X� � .0;C1/ 
 epif � C epig� is fulfilled if and only if

sup
z�2X�

inf
.u;v/2C�C

fhz�; u C v � 2x0i C hy�; x0 � vig � 0 8y� 2 X�: (18.8)

Suppose first that x0 is a weak�-extreme point of C . Take y� 2 X�. For z� 2 X�
we have

inf
.u;v/2C�C

fhz�; uCv�2x0iChy�; x0�vig D inf
.u;v/2bC�bC

fhuCv�2bx0; z�iChbx0�v; y�ig

D inf
.u;v/2cl!� .bC/�cl!� .bC/

fhu C v � 2bx0; z�i C hbx0 � v; y�ig;

where the first equality follows by the definition of the canonical embedding and
the second one from the continuity (in the weak� topology !.X��; X�/) of the
functions h�; x�i W X�� ! R for all x� 2 X�. The set C being bounded, by the
Banach–Alaoglu Theorem, we conclude that cl!� .bC/ is weak�-compact. We apply
a minmax theorem (see, for example, [119, Theorem 3.1]) and obtain that

sup
z�2X�

inf
.u;v/2C�C

fhz�; u C v � 2x0i C hy�; x0 � vig

D sup
z�2X�

inf
.u;v/2cl!� .bC/�cl!� .bC/

fhu C v � 2bx0; z�i C hbx0 � v; y�ig
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D inf
.u;v/2cl!� .bC/�cl!� .bC/

sup
z�2X�

fhu C v � 2bx0; z�i C hbx0 � v; y�ig

D inf
.u;v/2cl!� .bC/�cl!� .bC/

uCvD2bx0

hbx0 � v; y�i: (18.9)

As x0 is a weak�-extreme point of C , we get that f.u; v/ 2 cl!� .bC/ � cl!�.bC/ W
u C v D 2bx0g D f.bx0;bx0/g, hence

inf
.u;v/2cl!� .bC/�cl!� .bC/

uCvD2bx0

hbx0 � v; y�i D 0:

Thus relation (18.8) is fulfilled, implying X� � .0;C1/ 
 epif � C epig�.
For the reverse implication, we assume that X� � .0;C1/ 
 epif � C epig�

and that x0 is not a weak�-extreme point of C . Then, there exist u0; v0 2 cl!� .bC/�
cl!� .bC/ with u0 C v0 D 2bx0 such that u0 ¤ bx0 and v0 ¤ bx0. We choose y�

0 2 X�
such that hbx0 � v0; y�

0 i < 0. So there exists "0 > 0 such that hbx0 � v0; y�
0 i < �"0,

hence
inf

.u;v/2cl!� .bC/�cl!� .bC/

uCvD2bx0

hbx0 � v0; y
�
0 i < �"0:

From (18.9) we get

sup
z�2X�

inf
.u;v/2C�C

fhz�; u C v � 2x0i C hy�
0 ; x0 � vig < �"0 < 0;

which contradicts (18.8), hence the proof is complete. �

19 Totally Fenchel Unstable Functions in Finite
Dimensional Spaces

We pursue the investigations on the concept of totally Fenchel unstable function and
provide in this section an answer to another open problem posed by Stephen Simons
(see [120, Problem 11.6]), which has the following formulation.

Problem 19.1. Do there exist a nonzero finite dimensional Banach space and a
pair of extended real-valued, proper and convex functions which is totally Fenchel
unstable?

As proved in the following, this question receives a negative answer and this
can be interpreted as follows: if two proper and convex functions f; g W R

n ! R

satisfy Fenchel duality, then there exists at least one element x� 2 R
n n f0g such

that f � hx�; �i and g (or f and g � hx�; �i) satisfy Fenchel duality, too. We prove
first a preliminary result.
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Proposition 19.2. Let f; g W R
n ! R be proper and convex functions such that

int.dom.cl f /\ dom.clg// ¤ ;. Then the pair f; g satisfies stable Fenchel duality.

Proof. Let x0 2 int.dom.cl f / \ dom.clg// � int.dom.cl f // \ int.dom.clg//. It
holds

int.dom.cl f // D ri.cl.dom.cl f /// D ri.cl.domf // D ri.domf /

and the same applies for g. This means that x0 2 ri.domf / \ ri.domg/. The regu-
larity condition .RC id

f in
/ is fulfilled and, by Theorem 5.5, it follows that for all x� 2

R
n there exists some y� 2 R

n such that .f C g/�.x�/ D f �.x� � y�/C g�.y�/.
This provides the conclusion. �

The announced result follows (see [35, Theorem 4]).

Theorem 19.3. There are no proper convex functions f; g W R
n ! R such that the

pair f; g is totally Fenchel unstable.

Proof. We assume the contrary, namely that there exist f; g W R
n ! R proper and

convex functions such that the pair f; g is totally Fenchel unstable. By (18.3), it
follows that .f C g/�.x�/ < C1 for all x� 2 R

n n f0g. The function .f C g/�
being convex, we get .f C g/�.0/ < C1. As noticed in the previous section, we
must have domf \ domg ¤ ;, hence .f C g/�.0/ > �1.

This allows to choose some Nx 2 domf \ domg � dom.clf / \ dom.clg/ and
consider L D aff.dom.cl f /\ dom.clg/� Nx/ D lin.dom.clf /\ dom.clg/� Nx/.
By Proposition 19.2, it yields int.dom.cl f / \ dom.clg// D ; and therefore the
dimension of L is strictly less than n. This means that the orthogonal space to L,
L? is nonzero. Obviously, we have

domf \ domg � dom.cl f / \ dom.clg/ � LC Nx (19.1)

By Theorem 7.6(ii), using that f � D .clf /� and g� D .clg/�, it yields

epi.cl f C clg/� D cl.epif � C epig�/: (19.2)

It follows
epi.f C g/� � epi.cl f C clg/� � epi f � C epig�:

Since the pair f; g is totally Fenchel unstable, by Proposition 18.1, one has that

epi.f Cg/�\.f0g�R/ D epi.cl fCcl g/�\.f0g�R/ D .epif �Cepig�/\.f0g�R/

and so .f C g/�.0/ D .cl f C clg/�.0/. Taking an element x� 2 L? n f0g we
obtain, by (19.1),

.f C g/�.x�/ D sup
x2Rn

fhx�; xi � f .x/ � g.x/g D sup
x2LC Nx

fhx�; xi � f .x/ � g.x/g
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D hx�; Nxi C .f C g/�.0/ D hx�; Nxi C .cl f C clg/�.0/ D .cl f C clg/�.x�/:
(19.3)

We distinguish two cases:
(a) If epif � C epig� is closed, then we obtain from (19.2) and (19.3) that

.x�; .f C g/�.x�// 2 epi.clf C clg/� D epif � C epig� and so there exist

.y�; s/ 2 epif � and .z�; t/ 2 epig� such that y� C z� D x� ¤ 0 and
s C t D .f C g/�.x�/. This means that f �.y�/C g�.z�/ � .f C g/�.y� C z�/.
As y� C z� D x� ¤ 0 this contradicts (18.3).

(b) Otherwise, if epif � C epig� is not closed, by [113, Corollary 9.1.2] there
exists a direction of recession of epif � whose opposite direction is a direction of
recession of epig�. This can be expressed as

9.x�; r/ ¤ 0 such that .x�; r/ 2 0C epi f � and .�x�;�r/ 2 0C epig�;

where by 0C epif � and 0C epig� we denote the recession cones of epif � and
epig�, respectively. Without loss of generality we assume that r � 0. It follows
x� ¤ 0, because otherwise we would have .0;�r/ 2 0C epig� with r > 0. But g
is proper and so g� never attains �1.

Choose some y� 2 R
n according to (18.2), namely such that .f C g/�.0/ D

f �.�y�/C g�.y�/. Since .f C g/�.0/; f �.�y�/; g�.y�/ 2 R and as epif � and
epig� are nonempty convex sets, by [113, Theorem 8.1] it holds

.�y�; f �.�y�//C �.x�; r/ 2 epif � 8� � 0

and
.y�; g�.y�// � �.x�; r/ 2 epig� 8� � 0:

From the relations above we get

.0; .f C g/�.0//C 	.x�; r/ 2 epif � C epig� 8	 2 R: (19.4)

Let 	 D 1 in (19.4). Thus there exist .u�; s/ 2 epif � and .v�; t/ 2 epig� such that
u� C v� D x� and s C t D .f C g/�.0/C r . It follows

.f C g/�.x�/ � f �.u�/C g�.v�/ � s C t D .f C g/�.0/C r: (19.5)

Setting 	 D �1 in (19.4) we obtain analogously

.f C g/�.�x�/ � .f C g/�.0/� r: (19.6)

Both inequalities in (19.5) and (19.6) must hold as equalities. Indeed, supposing that
this is not the case, after adding them, we get a contradiction to the fact that .f Cg/�
is convex. Hence .f Cg/�.u� Cv�/ D f �.u�/Cg�.v�/. But this contradicts (18.3)
because of u� C v� D x� ¤ 0. �
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Remark 19.4. The following alternative proof for the Problem 11.6 posed by
Stephen Simons in [120], which we received anonymously, is worth mentioning.

Assuming that the pair f; g is totally Fenchel unstable, as noticed, we have
domf \ domg ¤ ;. As follows from the proof of Proposition 19.2, in case
ri.domf / \ ri.domg/ ¤ ;, f and g satisfy stable Fenchel duality and the con-
clusion follows. Assume now that ri.domf / \ ri.domg/ D ; and consider an
element z in domf \ domg D dom.f C g/. By [113, Theorem 11.3] there exists
z� 2 R

n n f0g such that

hz�; xi � hz�; yi 8x 2 domf 8y 2 domg;

which yields

hz�; xi � hz�; yi D hz�; zi 8x 2 domf 8y 2 domf \ domg:

Thus

f �.z� � y�/ D sup
x2domf

fhz� � y�; xi � f .x/g

� hz�; zi C sup
x2domf

fh�y�; xi � f .x/g D hz�; zi C f �.�y�/

and so, using (18.2),

.f C g/�.z�/ D sup
y2dom.fCg/

fhz�; yi � .f C g/.y/g

D hz�; zi C sup
y2dom.fCg/

f�.f C g/.y/g D hz�; zi C .f C g/�.0/

D hz�; zi C f �.�y�/C g�.y�/ � f �.z� � y�/C g�.y�/:

Since .z� � y�/C y� D z� ¤ 0, this contradicts the total Fenchel unstability of the
pair f; g.

20 Quasi Interior and Quasi-relative Interior

As seen in the previous chapters, for closing the duality gap between the optimal
objective value of a convex optimization problem and its Fenchel dual, one needs
the fulfillment of a regularity condition. We introduced in Section 2 several gen-
eralized interior point conditions for the formulation of which, along the classical
interior, the algebraic interior and the strong quasi-relative interior have been used.
Unfortunately, for infinite dimensional convex optimization problems, also in prac-
tice, it can happen that these duality results cannot be applied because, for instance,
the interior of the set involved in the regularity condition is empty. This is the case,
for example, when we deal with the positive cones

`
p
C D fx D .xn/n2N 2 `p W xn � 0 8n 2 Ng
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and
L
p
C.T; �/ D fu 2 Lp.T; �/ W u.t/ � 0 a.e. in T g

of the spaces lp andLp.T; �/, respectively, where .T; �/ is a �-finite measure space
and p 2 Œ1;1/. Moreover, also the strong quasi-relative interior of this set, which
is the weakest generalized interior notion considered in this context, is empty. For
this reason, for a convex set Borwein and Lewis introduced in [11] the notion of
quasi-relative interior, which generalizes all the above mentioned interior notions.
They proved that the quasi-relative interiors of `pC and LpC.T; �/ are nonempty. The
same happens also with the quasi interiors of these cones. In the next section, we
give for the primal–dual pair .P id/–.Did/ sufficient conditions, formulated via the
quasi interior and the quasi-relative interior, which guarantee strong duality.

To this end, we introduce in this section some preliminary notions and prove
several helpful results. Consider X a separated locally convex space and let X�
be its topological dual space. One can easily prove that for a nonempty convex set
U � X it holds

coneco.U [ f0g/ D cone.U /: (20.1)

The quasi-relative interior of U is the set (see [11])

qri.U / D fu 2 U W cl.cone.U � u// is a linear subspace of Xg:

Next we give an useful characterization of the quasi-relative interior of a convex set,
the proof of which can be found in [11].

Proposition 20.1. Let U be a convex subset of X and u 2 U . Then u 2 qri.U / if
and only if NU .u/ is a linear subspace of X�.

In the following, we consider another interior notion for a convex set which is
close to the one of quasi-relative interior. For U being a convex subset of X the
quasi interior of U is the set

qi.U / D fu 2 U W cl.cone.U � u// D Xg:

The following characterization of the quasi interior of a convex set was given in
[60], where X was considered a reflexive Banach space. As follows from the result
below, this property is true even in a separated locally convex vector space.

Proposition 20.2. Let U be a convex subset of X and u 2 U . Then u 2 qi.U / if
and only if NU .u/ D f0g.

Proof. Assume first that u 2 qi.U / and take an arbitrary element x� 2 NU .u/. One
can easily see that hx�; xi � 0 for all x 2 cl.cone.U � u//. Thus hx�; xi � 0 for
all x 2 X , which is nothing else than x� D 0.

In order to prove the opposite implication, we consider an arbitrary x 2 X and
prove that x 2 cl.cone.U � u//. Assuming the contrary, by a separation theorem
(see for instance [127, Theorem 1.1.5]), one has that there exist x� 2 X� n f0g and
˛ 2 R such that
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hx�; zi < ˛ < hx�; xi 8z 2 cl.cone.U � u//:

Let y 2 U be fixed. For all � > 0 it holds hx�; y � ui < .1=�/˛ and this implies
that hx�; y � ui � 0. As this inequality is true for every arbitrary y 2 U , we obtain
that x� 2 NU .u/. But this leads to a contradiction and in this way the conclusion
follows. �

From the definitions of the generalized interior notions introduced above one
has that core.U / � sqri.U / � qri.U / and core.U / � qi.U / � qri.U /, while
qri.fxg/ D fxg for all x 2 X . Moreover, if qi.U / ¤ ;, then qi.U / D qri.U /. This
property is given in [93] in the case of a real normed space, but it holds also in a
separated locally convex vector space. If X is finite dimensional, then sqri.U / D
icr.U / D qri.U / D ri.U / (cf. [11, 76]) and int.U / D core.U / D qi.U / (cf.
[93,116]). Some useful properties of the quasi-relative interior are listed below. For
the proof of (i)–(viii), we refer to [9, 11].

Proposition 20.3. Let us consider U and V two convex subsets of X , x 2 X and
˛ 2 R n f0g. Then:

(i) qri.U /C qri.V / � qri.U C V /;
(ii) qri.U � V / D qri.U / � qri.V /;

(iii) qri.U � x/ D qri.U /� x;
(iv) qri.˛U / D ˛ qri.U /;
(v) t qri.U /C .1 � t/U � qri.U / for all t 2 .0; 1�, hence qri.U / is a convex set;

(vi) if U is an affine set then qri.U / D U ;
(vii) qri.qri.U // D qri.U /.

If qri.U / ¤ ; then:

(viii) cl.qri.U // D cl.U /;
(ix) cl.cone.qri.U /// D cl.cone.U //.

Proof. (ix) The inclusion cl.cone.qri.U /// � cl.cone.U // is obvious. We prove
that cone.U / � cl.cone.qri.U ///. Consider x 2 cone.U / arbitrary. There exist
� � 0 and u 2 U such that x D �u. Take v 2 qri.U /. Applying the property (v)
we get tv C .1 � t/u 2 qri.U / for all t 2 .0; 1�, so �tv C .1 � t/x D �.tv C
.1 � t/u/ 2 cone.qri.U // for all t 2 .0; 1�. Passing to the limit as t & 0 we obtain
x 2 cl.cone.qri.U /// and hence the desired conclusion follows. �

The next lemma plays an important role for the investigations we make in this
chapter.

Lemma 20.4. Let U and V be nonempty convex subsets of X such that qri.U / \
V ¤ ;. If 0 2 qi.U � U /, then 0 2 qi.U � V /.

Proof. Take x 2 qri.U / \ V and let x� 2 NU�V .0/ be arbitrary. We get hx�; u �
vi � 0 for all u 2 U and v 2 V . This implies

hx�; u � xi � 0 8u 2 U; (20.2)
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that is x� 2 NU .x/. As x 2 qri.U /, NU .x/ is a linear subspace of X�, hence
�x� 2 NU .x/, which is nothing else than

hx�; x � ui � 0 8u 2 U: (20.3)

The relations (20.2) and (20.3) give us hx�; u0 � u00i � 0 for all u0; u00 2 U , so x� 2
NU�U .0/. Since 0 2 qi.U � U / we have NU�U .0/ D f0g (cf. Proposition 20.2)
and we get x� D 0. As x� was arbitrary chosen, we obtainNU�V .0/ D f0g and, by
using again Proposition 20.2, the conclusion follows. �

The following result is a direct consequence of the lemma above.

Lemma 20.5. Let U be a nonempty convex subset of X and u 2 X . Then u 2
qri.U / and 0 2 qi.U � U / if and only if u 2 qi.U /.

Proof. The necessity follows from Lemma 20.4 by taking V D fug. For getting
the sufficiency, it is enough to notice that in case u 2 qi.U /, then automatically
u 2 qri.U /. Moreover, we have U � u � U � U and since cl.cone.U � u// D X ,
it yields cl.cone.U � U // D X and therefore 0 2 qi.U � U /. �

Next, we give useful separation theorems in terms of the notion of quasi-relative
interior.

Theorem 20.6. Let U be a convex subset of X and u 2 U . If u 62 qri.U /, then there
exists x� 2 X�; x� ¤ 0, such that

hx�; xi � hx�; ui 8x 2 U:

Viceversa, if there exists x� 2 X�, x� ¤ 0, such that hx�; xi � hx�; ui for all
x 2 U and 0 2 qi.U � U /, then u 62 qri.U /.

Proof. Suppose that u 62 qri.U /. According to Proposition 20.1, NU .u/ is not a
linear subspace ofX�, hence there exists x� 2 NU .u/, x� ¤ 0. Using the definition
of the normal cone, we get that hx�; xi � hx�; ui for all x 2 U .

Conversely, assume that there exists x� 2 X�, x� ¤ 0, such that hx�; xi �
hx�; ui for all x 2 U and 0 2 qi.U � U /. We obtain

hx�; x � ui � 0 8x 2 U; (20.4)

that is x� 2 NU .u/. If we suppose that u 2 qri.U /, then by Lemma 20.5, u 2 qi.U /
and further, by Proposition 20.2, it yields that x� D 0. This is a contradiction and
so u 62 qri.U /. �

Remark 20.7. In [59, 60] a similar separation theorem in case when X is a real
normed space is given. For the second part of the above theorem, the authors require
that the following condition must be fulfilled: cl.TU .u/� TU .u// D X , where

TU .u/ D
n

y 2 X W y D lim
n!1�n.un � u/; �n > 0; un 2 U 8n 2 N; lim

n!1 un D u
o
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is called the Bouligand tangent cone to U at u 2 U . In general, we have the
following inclusion TU .u/ � cl.cone.U � u//. If the set U is convex, then
TU .u/ D cl.cone.U�u// (cf. [81]). Using that cone.U /�cone.U / D cone.U�U /,
if U is a convex subset ofX such that 0 2 U , the condition cl.TU .u/�TU .u// D X

can be reformulated as cl.cone.U � U // D X or, equivalently, 0 2 qi.U � U /.
Indeed, we have cl .cl.cone.U � u// � cl.cone.U � u/// D X , cl.cone.U �u/�
cone.U � u// D X , cl.cone.U � U // D X , 0 2 qi.U � U /. This means that
Theorem 20.6 extends to separated locally convex spaces the separation theorem
given in [59, 60].

The condition u 2 U in Theorem 20.6 is essential (see [60]). However, if u is an
arbitrary element of X , it is still possible to give a separation theorem by means of
the following result due to Cammaroto and Di Bella (see [54, Theorem 2.1]).

Theorem 20.8 (cf. [54]). Let U and V be nonempty convex subsets of X with
qri.U / ¤ ;, qri.V / ¤ ; and such that cl.cone.qri.U / � qri.V /// is not a lin-
ear subspace of X . Then there exists x� 2 X�, x� ¤ 0, such that hx�; ui � hx�; vi
for all u 2 U and v 2 V .

The following result is a direct consequence of Theorem 20.8.

Corollary 20.9. Let U be a convex subset of X and v 2 X such that qri.U / ¤ ;
and cl.cone.U �v// is not a linear subspace ofX . Then there exists x� 2 X�; x� ¤
0, such that hx�; ui � hx�; vi for all u 2 U:
Proof. We take in Theorem 20.8 V WD fug. Then we apply Proposition 20.3(iii),
(ix) to obtain the conclusion. �

21 Regularity Conditions via qi and qri

Consider f; g W X ! R two proper and convex functions such that domf \
domg ¤ ;. The question if whenever for having strong duality for

.P id/ inf
x2Xff .x/C g.x/g

and its Fenchel dual

.Did/ sup
y�2X�

f�f �.�y�/ � g�.y�/g

one can replace in the formulation of the regularity conditions .RC id
i /, i 2 f2; 20; 200g,

the generalized interior notions by the quasi-relative interior was addressed by
Gowda and Teboulle in [76]. More precisely, whenever X is a Fréchet space and
one additionally assumes that f and g are lower semicontinuous, is the condi-
tion 0 2 qri.domg � domf / sufficient for strong duality for the primal–dual pair
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.P id/� .Did/? The following example, which can be found in [76], gives us a nega-
tive answer and this means that we need additional assumptions in order to guarantee
Fenchel duality.

Example 21.1. Take X D `2 the Hilbert space consisting of all sequences x D
.xn/n2N such that

P1
nD1 x2n < 1. Consider also the sets

C D fx 2 `2 W x2n�1 C x2n D 0 8n 2 Ng

and
S D fx 2 `2 W x2n C x2nC1 D 0 8n 2 Ng;

which are closed linear subspaces of `2 and fulfillC\S D f0g. Define the functions
f; g W `2 ! R by f D ıC .x/ and g.x/ D x1 C ıS .x/. Then f and g are proper,
convex and lower semicontinuous functions with domf D C and domg D S . As
v.P id/ D 0 and v.Did/ D �1 (see [76]), we have a duality gap between the optimal
objective values of the primal and dual problem. Moreover,S�C is dense in `2, thus
cl.cone.domf �domg// D cl.C�S/ D `2, which implies 0 2 qi.domf �domg/,
hence 0 2 qri.domf � domg/.

In this section we provide sufficient conditions expressed via the quasi interior
and quasi-relative interior that guarantee strong duality for .P id/ and its Fenchel
dual. As in case v.P id/ D �1 this is automatically fulfilled, we suppose in the
following that v.P id/ 2 R. First, let us notice that for a function k W X ! R and a
real number ˛ 2 R, we denote by k�˛ W X ! R the function .k�˛/.x/ D k.x/�˛,
while cepi k WD f.x; r/ 2 X � R W .x;�r/ 2 epikg is the symmetric of epik with
respect to the x-axis.

Lemma 21.2. The following relation is always true

0 2 qri.domf � domg/ ) .0; 1/ 2 qri
�

epi f � cepi.g � v.P id//
	

:

Proof. One can see that cepi.g�v.P id// D f.x; r/ 2 X �R W r � �g.x/Cv.P id/g.
Let us prove first that .0; 1/ 2 epi f �cepi.g�v.P id//. Since infx2Xff .x/Cg.x/g D
v.P id/ < v.P id/ C 1, there exists x0 2 X such that f .x0/ C g.x0/ < v.P id/ C 1.
Then .0; 1/ D �

x0; v.P id/C 1 � g.x0/
�� �x0;�g.x0/C v.P id/

� 2 epif �cepi.g�
v.P id//.

Now let .x�; r�/ 2 Nepif�cepi.g�v.P id//.0; 1/. We have

hx�; x � x0i C r�.� � �0 � 1/ � 0 8.x; �/ 2 epif 8.x0; �0/ 2 cepi.g � v.P id//:

(21.1)

For .x; �/ WD .x0; f .x0// and .x0; �0/ WD .x0;�g.x0/ C v.P id/ � 2/ in (21.1),
where x0 2 domf \ domg is fixed, we get r�.f .x0/C g.x0/� v.P id/C 1/ � 0,
hence r� � 0. As infx2Xff .x/ C g.x/g D v.P id/ < v.P id/ C 1=2, there exists
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x1 2 X such that f .x1/ C g.x1/ < v.P id/ C 1=2. By taking now .x; �/ WD
.x1; f .x1// and .x0; �0/ WD .x1;�g.x1/ C v.P id/ � 1=2/ in (21.1) we obtain
r�.f .x1/Cg.x1/�v.P id/�1=2/ � 0 and so r� � 0. Thus r� D 0 and (21.1) gives
hx�; x � x0i � 0 for all x 2 domf and x0 2 domg. Hence x� 2 Ndomf �domg.0/.
Since Ndomf �domg.0/ is a linear subspace of X� (cf. Proposition 20.2), we have
h�x�; x � x0i � 0 for all x 2 domf and x0 2 domg and so �.x�; r�/ D
.�x�; 0/ 2 Nepif�cepi.g�v.P id//.0; 1/, showing that Nepif�cepi.g�v.P id//.0; 1/ is a
linear subspace of X� � R. Hence, by applying again Proposition 20.2, we get

.0; 1/ 2 qri
�

epif � cepi.g � v.P id//
	

. �

Proposition 21.3. Assuming that 0 2 qi Œ.domf � domg/ � .domf � domg/�,
NcoŒ.epif �cepi.g�v.P id///[f.0;0/g�.0; 0/ is a linear subspace of X� � R if and only if

NcoŒ.epif �cepi.g�v.P id///[f.0;0/g�.0; 0/ D f.0; 0/g.

Proof. The sufficiency is trivial. Suppose thatNcoŒ.epif�cepi.g�v.P id///[f.0;0/g�.0; 0/ is

a linear subspace of X� � R. Take .x�; r�/ 2 NcoŒ.epif �cepi.g�v.P id///[f.0;0/g�.0; 0/.
Then

hx�; x�x0iCr�.���0/ � 0 8.x; �/ 2 epi f 8.x0; �0/ 2 cepi.g�v.PF //: (21.2)

Let x0 2 domf \ domg be fixed. Taking .x; �/ WD .x0; f .x0// 2 epif and
.x0; �0/ WD .x0;�g.x0/ C v.P id/ � 1=2/ 2 cepi.g � v.P id// in the previous
inequality we get r�.f .x0/ C g.x0/ � v.P id/ C 1=2/ � 0, implying r� � 0. As
NcoŒ.epif �cepi.g�v.P id///[f.0;0/g�.0; 0/ is a linear subspace of X� � R, the same argu-

ment also applies for .�x�;�r�/, implying �r� � 0. In this way we get r� D 0.
The inequality (21.2) and .�x�; 0/ 2 NcoŒ.epif�cepi.g�v.P id///[f.0;0/g�.0; 0/ imply

hx�; x � x0i D 0 8.x; �/ 2 epif 8.x0; �0/ 2 cepi.g � v.P id//;

which is nothing else than hx�; x�x0i D 0 for all x 2 domf and x0 2 domg, thus
hx�; xi D 0 for all x 2 domf � domg. Since x� is linear and continuous, one has
that hx�; xi D 0 for all x 2 cl .cone..domf � domg/ � .domf � domg/// D
X , hence x� D 0 and the conclusion follows. �

Remark 21.4. (a) By (20.1) one can see that cl
h

cone
�

epif � cepi.g � v.P id//
	i

coincides with cl
h

coneco
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

. Hence one has

the following sequence of equivalences:NcoŒ.epif�cepi.g�v.P id///[f.0;0/g�.0; 0/ is a lin-

ear subspace ofX� �R , .0; 0/ 2 qri
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

, cl
h

coneco
�

.epif � cepi.g � v.P id/// [ f.0; 0/g
	i

is a linear subspace of X �
R , cl

h

cone
�

epif � cepi.g � v.P id//
	i

is a linear subspace of X � R. The

relation NcoŒ.epif�cepi.g�v.P id///[f.0;0/g�.0; 0/ D f.0; 0/g is equivalent to (cf. Propo-

sition 20.2) .0; 0/ 2 qi
h

co
�

.epi f � cepi.g � v.P id/// [ f.0; 0/g
	i

, thus in case
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0 2 qiŒ.domf � domg/ � .domf � domg/�, the conclusion of the previous
proposition can be reformulated as follows:

cl
h

cone.epi f � cepi.g � v.P id///
i

is a linear subspace of X � R

, .0; 0/ 2 qi
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

or, equivalently,

.0; 0/ 2 qri
h

co
�

.epif � cepi.g � v.P id/// [ f.0; 0/g
	i

, .0; 0/ 2 qi
h

co
�

.epi f � cepi.g � v.P id/// [ f.0; 0/g
	i

:

(b) One can prove that the primal problem .P id/ has an optimal solution if and
only if .0; 0/ 2 epi f � cepi.g � v.P id//. This means that if we suppose that the
primal problem has an optimal solution and 0 2 qiŒ.domf � domg/ � .domf �
domg/�, then the conclusion of the previous proposition can be rewritten as fol-
lows: N.epif�cepi.g�v.P id///.0; 0/ is a linear subspace of X� � R if and only if

N.epif �cepi.g�v.P id///.0; 0/ D f.0; 0/g or, equivalently,

.0; 0/ 2 qri
h

epif � cepi.g � v.P id//
i

, .0; 0/ 2 qi
h

epif � cepi.g � v.P id//
i

:

We give now a first strong duality result for .P id/ and its Fenchel dual .Did/.
Let us notice that for the functions f and g only convexity but no topological
assumptions are supposed (see [20]). The fact that the hypotheses 0 2 qiŒ.domf �
domg/ � .domf � domg/� and 0 2 qri.domf � domg/ can be replaced by
0 2 qi.domf � domg/ follows by Lemma 20.5.

Theorem 21.5. Suppose that 0 2 qiŒ.domf � domg/ � .domf � domg/�, 0 2
qri.domf � domg/ (or, equivalently, 0 2 qi.domf � domg/) and

.0; 0/ … qri
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

:

Then v.P id/ D v.Did/ and .Did/ has an optimal solution.

Proof. Lemma 21.2 ensures that .0; 1/ 2 qri
�

epif � cepi.g � v.P id//
	

, hence

qri
�

epi f � cepi.g � v.P id//
	

¤ ;. The condition

.0; 0/ … qri
h

co
�

.epif � cepi.g � v.P id/// [ f.0; 0/g
	i
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together with the fact that cl
h

coneco
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

D
cl
h

cone
�

epif � cepi.g � v.P id//
	i

imply that cl
h

cone
�

epif � cepi.g� v.P id//
	i

is not a linear subspace ofX�R. We apply Corollary 20.9 withU WD epif �cepi.g�
v.P id// and u D .0; 0/. Thus there exists .x�; �/ 2 X� � R, .x�; �/ ¤ .0; 0/, such
that

hx�; xiC�� � hx�; x0iC��0 8.x; �/ 2 cepi.g�v.P id// 8.x0; �0/ 2 epif: (21.3)

We claim that � � 0. Indeed, if � > 0, then for .x; �/ WD .u;�g.u/C v.P id// and
.x0; �0/ WD .u; f .u/ C n/; n 2 N, where u 2 domf \ domg is fixed, we obtain
from (21.3) that

hx�; ui C �.�g.u/C v.P id// � hx�; ui C �.f .u/C n/ 8n 2 N:

Passing to the limit as n ! C1 we obtain a contradiction. Next we prove that
� < 0. Suppose that � D 0. Then from (21.3) we have hx�; xi � hx�; x0i for
all x 2 domg and x0 2 domf , hence hx�; xi � 0 for all x 2 domf � domg.
Using the second part of Theorem 20.6, we obtain 0 62 qri.domf � domg/, which
contradicts the hypothesis. Thus we must have � < 0 and so we obtain from (21.3)
that
�

1

�
x�; x




C � �
�

1

�
x�; x0




C �0 8.x; �/ 2 cepi.g � v.P id// 8.x0; �0/ 2 epi f:

Let r 2 R be such that

�0 C hx�
0 ; x

0i � r � �C hx�
0 ; xi 8.x; �/ 2 cepi.g � v.P id// 8.x0; �0/ 2 epif;

where x�
0 WD .1=�/x�. The first inequality shows that f .x/ � h�x�

0 ; xi C r for all
x 2 X , that is f �.�x�

0 / � �r . The second one gives us �g.x/Cv.P id/Chx�
0 ; xi �

r for all x 2 X , hence g�.x�
0 / � r�v.P id/ and so we have �f �.�x�

0 /�g�.x�
0 / �

r C v.P id/ � r D v.P id/. This implies that v.Did/ � v.P id/. As the opposite
inequality is always true, we get v.P id/ D v.Did/ and x�

0 is an optimal solution of
the problem .Did/. �

The above theorem combined with Remark 21.4(b) gives us the following result.

Corollary 21.6. Suppose that the primal problem .P id/ has an optimal solution,
0 2 qiŒ.domf � domg/ � .domf � domg/�, 0 2 qri.domf � domg/ (or,
equivalently, 0 2 qi.domf � domg/) and

.0; 0/ … qri
h

epif � cepi.g � v.P id//
i

:

Then v.P id/ D v.Did/ and .Did/ has an optimal solution.
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Some stronger versions of Theorem 21.5 and Corollary 21.6, respectively, follow
(see [20]).

Theorem 21.7. Suppose that domf \ qri.domg/ ¤ ;, 0 2 qi.domg � domg/
and

.0; 0/ … qri
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

:

Then v.P id/ D v.Did/ and .Did/ has an optimal solution.

Proof. We apply Lemma 20.4 with U WD domg and V WD domf . We get 0 2
qi.domg � domf / or, equivalently, 0 2 qi.domf � domg/. Now Theorem 21.5
leads to the conclusion. �

Corollary 21.8. Suppose that the primal problem .P id/ has an optimal solution,
domf \ qri.domg/ ¤ ;, 0 2 qi.domg � domg/ and

.0; 0/ … qri
h

epif � cepi.g � v.P id//
i

:

Then v.P id/ D v.Did/ and .Did/ has an optimal solution.

Remark 21.9. (a) In the statements above, we introduce two more regularity con-
ditions for Fenchel duality for which one has that the regularity condition given
in Theorem 21.7 (Corollary 21.8) implies the one given in Theorem 21.5 (Corol-
lary 21.6).

(b) If one renounces the condition

.0; 0/ … qri
h

co
�

.epif � cepi.g � v.P id/// [ f.0; 0/g
	i

or, respectively, .0; 0/ … qri
h

epif � cepi.g � v.P id//
i

, in the case when the primal

problem has an optimal solution, then the duality results given above may fail. By
using again Example 21.1 we show that these conditions are essential. We notice
first that for the problem in Example 21.1 the condition 0 2 qi.domf � domg/
is fulfilled. We prove in the following that in the aforementioned example we have

.0; 0/ 2 qri
h

epif � cepi.g � v.P id//
i

. Note that the scalar product on `2, h�; �i W
`2 � `2 ! R, is given by hx; yi D P1

nD1 xnyn for x D .xn/n2N; y D .yn/n2N 2
`2. For k 2 N we denote by e.k/ the element in `2 such that e.k/n D 1, if n D
k and e.k/n D 0, for all n 2 N n fkg. We have epif D C � Œ0;C1/. Further,
cepi.g � v.P id// D f.x; r/ 2 `2 � R W r � �g.x/g D f.x; r/ 2 `2 � R W x D
.xn/n2N 2 S; r � �x1g D f.x;�x1 � "/ 2 `2 � R W x D .xn/n2N 2 S; " � 0g.
Then U WD epif � cepi.g � v.P id// D f.x � x0; x0

1 C "/ W x 2 C; x0 D .x0
n/n2N 2

S; " � 0g. Take .x�; r/ 2 NU .0; 0/, where x� D .x�
n/n2N. We have

hx�; x � x0i C r.x0
1 C "/ � 0 8x 2 C 8x0 D .x0

n/n2N 2 S 8" � 0: (21.4)
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Taking in (21.4) x0 D 0 and " D 0 we get hx�; xi � 0 for all x 2 C . As C is a
linear subspace of X we have

hx�; xi D 0 8x 2 C: (21.5)

Since e.2k�1/ � e.2k/ 2 C for all k 2 N, relation (21.5) implies

x�
2k�1 � x�

2k D 0 8k 2 N: (21.6)

From (21.4) and (21.5) we obtain

h�x�; x0i C r.x0
1 C "/ � 0 8x0 D .x0

n/n2N 2 S 8" � 0: (21.7)

By taking " D 0 and x0 WD me.1/ 2 S in (21.7), where m 2 Z is arbitrary, we

get m.�x�
1 C r/ � 0 for all m 2 Z, thus r D x�

1 . For " D 0 in (21.7) we obtain

�P1
nD1 x�

nx
0
n C rx0

1 � 0 for all x0 2 S . By taking into account that r D x�
1 we

get �P1
nD2 x�

nx
0
n � 0 for all x0 2 S . As S is a linear subspace of X it follows that

P1
nD2 x�

nx
0
n D 0 for all x0 2 S , but, since e.2k/ � e.2kC1/ 2 S for all k 2 N, the

above relation shows that

x�
2k � x�

2kC1 D 0 8k 2 N: (21.8)

Combining (21.6) with (21.8) we get x� D 0 (since x� 2 `2). Because r D x�
1

we also have r D 0. Thus NU .0; 0/ D f.0; 0/g and Proposition 20.2 gives us the
desired conclusion.

(c) Since in the hypotheses of the strong duality results given above the relation
0 2 qiŒ.domf �domg/�.domf �domg/� is fulfilled, in view of Remark 21.4, the

condition .0; 0/ … qri
h

co
�

.epi f � cepi.g � v.P id/// [ f.0; 0/g
	i

(respectively,

.0; 0/ … qri
h

epif � cepi.g � v.P id//
i

) can be replaced by the hypothesis .0; 0/ …
qi
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

(respectively, .0; 0/ … qi Œepi f �
cepi.g � v.P id//

i

).

(d) We have the following relation

.0; 0/ 2 qi
h

co
�

.epif � cepi.g � v.P id/// [ f.0; 0/g
	i

) 0 2 qi.domf �domg/:

Indeed, one has .0; 0/ 2 qi
h

co
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

if and only

if cl
h

coneco
�

.epif � cepi.g � v.P id///[ f.0; 0/g
	i

D X � R and, consequently,

cl
h

cone
�

epif � cepi.g � v.P id//
	i

D X � R. Since

cl
h

cone
�

epif � cepi.g � v.P id//
	i

� cl cone.domf � domg/ � R;
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this implies cl Œcone.domf � domg/� D X , that is 0 2 qi.domf � domg/. Hence

0 62 qi.domf �domg/ ) .0; 0/ 62 qi
h

co
�

.epi f � cepi.g � v.P id/// [ f.0; 0/g
	i

:

Nevertheless, in the regularity conditions given above one cannot substitute the

condition .0; 0/ … qri
h

co
�

.epi f � cepi.g � v.P id/// [ f.0; 0/g
	i

with the “nice-

looking” one 0 62 qi.domf � domg/, since in all strong duality theorems the
hypotheses we consider guarantee 0 2 qi.domf � domg/.

The following example underlines the applicability of the strong duality theorems
introduced in this section.

Example 21.10. Consider again X D `2 equipped with the norm k � k W `2 ! R,
kxk2 D P1

nD1 x2n, x D .xn/n2N 2 `2. We define the functions f; g W `2 ! R by
f .x/ D kxk C ıx0�`2

C

.x/ and g.x/ D hc; xi C ı`2
C

.x/, where `2C D f.xn/n2N 2
`2 W xn � 0 8n 2 Ng is the positive cone, x0 D .1=n/n2N and c D .1=2n/n2N.
Note that v.P id/ D infx2`2ff .x/ C g.x/g D 0 and the infimum is attained at
x D 0. We have domf D x0 � `2C D f.xn/n2N 2 `2 W xn � 1=n 8n 2 Ng
and domg D `2C. Since qri.`2C/ D f.xn/n2N 2 `2 W xn > 0 8n 2 Ng (cf. [11]),
we get domf \ qri.domg/ D f.xn/n2N 2 `2 W 0 < xn � 1=n 8n 2 Ng ¤ ;.
Also, cl.cone.domg � domg// D `2, so 0 2 qi.domg � domg/. Further, epif D
f.x; r/ 2 `2 � R W x 2 x0 � `2C; kxk � rg D f.x; kxk C "/ 2 `2 � R W x 2
x0 � `2C; " � 0g and cepi.g � v.P id// D f.x; r/ 2 `2 � R W r � �g.x/g D f.x; r/ 2
`2 � R W r � �hc; xi; x 2 `2Cg D f.x;�hc; xi � "/ W x 2 `2C; " � 0g. We get

epif � cepi.g � v.P id// D f.x � x0; kxk C " C hc; x0i C "0/ W x 2 x0 � `2C; x0 2
`2C; "; "0 � 0g D f.x � x0; kxk C hc; x0i C "/ W x 2 x0 � `2C; x0 2 `2C; " � 0g.

In the following we prove that .0; 0/ … qri
h

epif � cepi.g � v.P id//
i

. By assum-

ing the contrary we would have that cl
h

cone
�

epif � cepi.g � v.P id//
	i

is a linear

subspace. Since .0; 1/ 2 cl
h

cone
�

epif � cepi.g � v.P id//
	i

(take x D x0 D 0

and " D 1), we must have that also .0;�1/ belongs to this set. On the other hand,

one can see that for all .x; r/ in cl
h

cone
�

epif � cepi.g � v.P id//
	i

it holds r � 0.

This leads to the sought contradiction.
Hence the conditions of Corollary 21.8 are fulfilled, thus strong duality holds. Let

us notice that the regularity conditions given in Corollary 21.6 are fulfilled, too (see
Remark 21.9(a)). On the other hand, `2 is a Fréchet space (being a Hilbert space),
the functions f and g are lower semicontinuous and, as sqri.domf � domg/ D
sqri.x0 � `2C/ D ;, none of the regularity conditions .RC id

i /, i 2 f2; 20; 200g, can be
applied for this optimization problem. Moreover, the regularity condition .RC id

1 / is
also not valid. As for all x� 2 `2 it holds g�.x�/ D ıc�`2

C

.x�/ and

f �.�x�/ D inf
x�

1
Cx�

2
D�x�

�

k � k�.x�
1 /C ı�

x0�`2
C

.x�
2 /

�

D inf
x�

1
Cx�

2
D�x�

kx�

1
k�1;x�

2
2`2

C

hx�
2 ; x0i;
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the optimal objective value of the Fenchel dual problem is

v.DF / D sup
x�

2
2`2

C
�c�x�

1

kx�

1
k�1;x�

2
2`2

C

h�x�
2 ; x0i D sup

x�

2
2`2

C

h�x�
2 ; x0i D 0

and x�
2 D 0 is the optimal solution of the dual.

Remark 21.11. Considering Y another separated locally convex space with the
topological dual space Y �, A W X ! Y a linear continuous operator and f W X !
R and g W Y ! R proper and convex functions such that A.domf / \ domg ¤ ;,
one can derive from the strong duality results given above corresponding statements
for the primal–dual pair .PA/–.DA/. To this end, one has to define F;G W X�Y !
R, F.x; y/ D f .x/C ıfu2X WAuDyg.x/ and G.x; y/ D g.y/ and to notice that

inf
.x;y/2X�Y

fF.x; y/CG.x; y/g D inf
x2Xff .x/C .g ı A/.x/g D v.PA/

and

sup
.x�;y�/2X��Y �

f�F �.�x�;�y�/�G�.x�; y�/g D sup
y�2Y �

f�f �.�A�y�/ � g�.y�/g

D v.DA/:

Therefore, one can formulate regularity conditions that ensure strong duality for
.PA/ and .DA/ by using as starting point the Theorems 21.5 and 21.7 (respectively,
the Corollaries 21.6 and 21.8) applied to F andG. For more details we refer to [20].
Let us notice that for the primal–dual pair .PA/–.DA/ Borwein–Lewis gave in [11]
sufficient conditions for strong duality via the quasi-relative interior, but under the
very restrictive assumption that Y is finite dimensional.

22 Lagrange Duality via Fenchel Duality

We use an approach due to Magnanti (cf. [95]) and derive in this section regular-
ity conditions expressed via the quasi interior and the quasi-relative interior for the
problem with geometric and cone constraints. As starting point we use the achieve-
ments from Section 21. The setting we consider here for the primal problem is
different to the one in the previous sections, where this problem was treated, as
we prefer to work under similar hypotheses like in the literature dealing with the
same topic (cf [54, 59, 60]).

Let X be a topological vector space and S a nonempty subset of X . Let Z be a
separated locally convex space partially ordered by a nonempty convex cone C �
Z. Let f W S ! R and g W S ! Z be two functions such that the function
.f; g/ W S ! R � Z, defined by .f; g/.x/ D .f .x/; g.x//, is convexlike with
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respect to the cone RC � C � R � Z, that is the set .f; g/.S/ C RC � C is
convex. This property implies that the sets f .S/ C Œ0;C1/ and g.S/ C C are
convex, while the reverse implication does not always hold. Let the feasible set
A D fx 2 S W g.x/ 2 �C g be nonempty. For having strong duality for

.PC / inf
x2Af .x/;
A D fx 2 S W g.x/ 2 �C g

and its Lagrange dual

.DCL/ sup
z�2C�

inf
x2Sff .x/C .z�g/.x/g;

in [54, Theorem 2.2], the following conditions have been stated: cl.C � C/ D Z,
there exists x0 2 S such that g.x0/ 2 � qri.C /, qri.g.S/ C C/ ¤ ; and
cl Œcone .qri.g.S/C C//� is not a linear subspace of Z. Like it results from the
following lemma, these assumptions are self-contradictory and this fact motivates
the need for providing valuable regularity conditions for the primal–dual pair
.PC /� .DCL/ expressed via the quasi interior and quasi-relative interior.

Lemma 22.1. Suppose that cl.C � C/ D Z and there exists x0 2 S such that
g.x0/ 2 � qri.C /. Then the following assertions are true:

(i) 0 2 qi.g.S/C C/;
(ii) cl Œcone .qri.g.S/C C//� D Z.

Proof. (i) We apply Lemma 20.4 withU WD �C and V WD g.S/CC . The condition
cl.C �C/ D Z implies that 0 2 qi.U �U /, while the Slater-type condition g.x0/ 2
� qri.C / ensures that g.x0/ 2 qri.U / \ V . Hence, by Lemma 20.4, we obtain 0 2
qi.U �V /, that is 0 2 qi.�g.S/�C/, which is nothing else than 0 2 qi.g.S/CC/.

(ii) From (i) it follows that 0 2 qri.g.S/CC/. By applying Proposition 20.3(ix),
we get cl Œcone .qri.g.S/C C//� D clŒcone.g.S/ C C/�. Using again (i) one has
that these sets are nothing else than the whole space Z. �

In the following example we underline the applicability of the result above
beyond its importance for the results developed in this section.

Example 22.2. Let A D Œa; b� � Œ0; 1�, a < b and Nv; Nw 2 L2.Œ0; 1�/ be such that
0 < Nw < Nv a.e. in A. Consider X D Z D L2.Œ0; 1�/, C D fu 2 L2.Œ0; 1�/ W
u � 0 a.e. in Œ0; 1�g and S D fu 2 L2.Œ0; 1�/ W ujA D NwjA a.e. in Ag. Define the
function g W S ! L2.Œ0; 1�/ as being g.u/ D u � Nv. The feasible set A D fu 2
S W u � Nv a.e. in Œ0; 1�g is nonempty, cl.C � C/ D L2.Œ0; 1�/ and qri.C / D fu 2
L2.Œ0; 1�/ W u > 0 a.e. in Œ0; 1�g. Thus one can easily find an element x0 2 S such
that g.x0/ 2 � qri.C / and therefore the hypotheses of Lemma 22.1 are fulfilled,
which means that both conclusions (i) and (ii) are true.
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Since qri.g.S/C C/ ¤ ;, by Proposition 20.3(ix) it follows that

clŒcone.qri.g.S/C C//� D clŒcone.g.S/C C/�

D clŒcone.fu 2 L2.Œ0; 1�/ W ujA � NwjA � NvjA a.e. in Ag/�
and this is, by Lemma 22.1, nothing else than the whole space L2.Œ0; 1�/.

Next, we show this in an alternative way. Let z 2 L2.Œ0; 1� be such that
zjA WD NwjA � NvjA. One has that zjA < 0 a.e. in A. Denote by T WD cone.fu 2
L2.Œ0; 1�/ W ujA � zjA a.e. in Ag/ and notice that T D [s>0fu 2 L2.Œ0; 1�/ W ujA �
szjA a.e. in Ag. We prove that cl.T / D L2.Œ0; 1�/ and to this end we consider an
arbitrary f 2 L2.Œ0; 1�/. For all n 2 N we define fn W Œ0; 1� ! R by

fn.x/ D
�

f .x/; x 2 .Œ0; 1� n A/ [ fx 2 A W f .x/ � n˛.x/g;
0; otherwise:

Obviously, for all n 2 N one has fn 2 T . We define gn WD .f � fn/
2 2 L1.Œ0; 1�/

for all n 2 N . For all x 2 Œ0; 1� we have that there exists n0 2 N such that for all
n � n0 it holds fn.x/ D f .x/. Thus, for all x 2 Œ0; 1�, gn.x/ ! 0 .n ! C1/

(pointwise convergence). On the other hand, for all n � 1 and x 2 Œ0; 1� it holds
jgn.x/j � jf .x/j2. One can notice that jf j2 belongs to L1.Œ0; 1�/ and this allows
us to apply Lebesgue’s Dominated Convergence Theorem, which guarantees that

lim
n!1 kf � fnk2 D lim

n!1

Z 1

0

jf .x/ � fn.x/j2dx D lim
n!1

Z 1

0

jgn.x/jdx D 0:

Consequently, f 2 cl.T / and this means that

clŒcone.fu 2 L2.Œ0; 1�/ W ujA � NwjA � NvjA a.e. in Ag/� D L2.Œ0; 1�/:

We give below regularity conditions written in terms of the quasi interior and
quasi-relative interior for Lagrange duality. Since otherwise strong duality is auto-
matically ensured, we suppose in the following that v.PC / is a real number.
Consider the following convex set

Ev.PC / D f.f .x/C ˛ � v.PC /; g.x/C z/ W x 2 S; ˛ � 0; z 2 C g � R �Z:

The set �Ev.PC / is in analogy to the conic extension, a notion used by Franco Gian-
nessi in the theory of image space analysis (see [73]). One can easily prove that
the primal problem .PC / has an optimal solution if and only if .0; 0/ 2 Ev.PC /.

Consider the functions F;G W R �Z ! R defined by

F.r; z/ D
�

r; if .r; z/ 2 Ev.PC / C .v.PC /; 0/;
C1; otherwise
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and G D ıR�.�C/. It holds

domF � domG D R � .g.S/C C/: (22.1)

Moreover, as pointed out by Magnanti in [95], we have

inf
.r;z/2R�Z

fF.r; z/CG.r; z/g D inf
x2Af .x/ D v.PC / (22.2)

and

sup
.r�;z�/2R�Z�

f�F �.�r�;�z�/ �G�.r�; z�/g D sup
z�2C�

inf
x2Sff .x/C .z�g/.x/g

D v.DCL/: (22.3)

Next, we derive from the strong duality results given for Fenchel duality corre-
sponding strong duality results for Lagrange duality.

Theorem 22.3. Suppose that 0 2 qiŒ.g.S/CC/� .g.S/CC/�, 0 2 qri.g.S/CC/

(or, equivalently, 0 2 qi.g.S/C C/) and .0; 0/ 62 qri
�

co.Ev.PC / [ f.0; 0/g/�. Then
v.PC / D v.DCL/ and .DCL/ has an optimal solution.

Proof. The hypotheses of the theorem and (22.1) imply that .0; 0/ 2 qiŒ.domF
� domG/� .domF � domG/� and .0; 0/ 2 qri.domF � domG/. Further epiF D
f.r; z; s/ 2 R � Z � R W .r; z/ 2 Ev.PC / C .v.PC /; 0/; r � sg D f.f .x/ C
˛; g.x/ C z; s/ W x 2 S; ˛ � 0; z 2 C; f .x/ C ˛ � sg and cepi.G � v.PC // D
R�.�C/�.�1; v.PC /�. Thus epiF �cepi.G�v.PC // D f.f .x/C˛Ca; g.x/C
z; f .x/ C ˛ C " � v.PC // W x 2 S; ˛ � 0; a 2 R; z 2 C; " � 0g D R � f.g.x/C
z; f .x/C ˛ � v.PC // W x 2 S; ˛ � 0; z 2 C g. This means that

.0; 0; 0/ 2 qri
h

co
�

.epiF � cepi.G � v.PC ///[ f.0; 0; 0/g
	i

if and only if .0; 0/ 62 qri
�

co.Ev.PC / [ f.0; 0/g/�. Applying Theorem 21.5 for F
and G, we obtain

inf
.r;z/2R�Z

fF.r; z/CG.r; z/g D max
.r�;z�/2R�Z�

f�F �.�r�;�z�/�G�.r�; z�/g:
(22.4)

By (22.2) and (22.3) the conclusion follows. �

Corollary 22.4. Suppose that the primal problem .PC / has an optimal solution,
0 2 qiŒ.g.S/ C C/ � .g.S/ C C/�, 0 2 qri.g.S/ C C/ (or, equivalently, 0 2
qi.g.S/ C C/) and .0; 0/ 62 qri.Ev.PC //. Then v.PC / D v.DCL/ and .DCL/ has
an optimal solution.

Further, like for Fenchel duality, the following stronger, but more handleable,
Lagrange duality results can be stated.
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Theorem 22.5. Suppose that cl.C � C/ D Z and there exists x0 2 S such that
g.x0/ 2 � qri.C /. If .0; 0/ 62 qri

�

co.Ev.PC / [ f.0; 0/g/�, then v.PC / D v.DCL/

and .DCL/ has an optimal solution.

Proof. The condition .0; 0/ 62 qri
�

co.Ev.PC / [ f.0; 0/g/� implies that .0; 0; 0/ 2
qri
h

co
�

.epiF � cepi.G � v.PC ///[ f.0; 0; 0/g
	i

(cf. the proof of Theorem 22.3).

Further, we have domF\qri.domG/ D �Ev.PC / C .v.PC /; 0/
�\qri .R � .�C//D

�Ev.PC / C .v.PC /; 0/
�\.R�.� qri.C ///. From the Slater-type condition we obtain

that .f .x0/; g.x0// 2 �Ev.PC / C .v.PC /; 0/
� \ .R � .� qri.C /// hence domF \

qri.domG/ ¤ ;. Moreover, cl Œcone.domG � domG/� D R�cl.C �C/ D R�Z,
hence .0; 0/ 2 qi.domG�domG/. By Theorem 21.7, we obtain (22.4) and by using
again (22.2) and (22.3) the conclusion follows. �

Corollary 22.6. Suppose that the primal problem .PC / has an optimal solution,
cl.C � C/ D Y and there exists x0 2 S such that g.x0/ 2 � qri.C /. If .0; 0/ 62
qri.Ev.PC //, then v.PC / D v.DCL/ and .DCL/ has an optimal solution.

Remark 22.7. Corollary 22.6 improves [60, Theorem 4], where for strong Lagrange
duality along with the assumptions cl.C �C/ D Z and that there exists x0 2 S such
that g.x0/ 2 � qri.C / a further condition, called Assumption S, has been considered.
Actually, this condition turns out to be not only sufficient, but also necessary for
strong duality, making the other hypotheses superfluous. For more details on this
topic we refer to [17].



Chapter VI
Applications of the Duality to Monotone
Operators

23 Monotone Operators and Their Representative Functions

The theory of monotone operators captured the attention of mathematicians not only
because of the fineness of the results but also because of the large number of applica-
tions, especially in fields like nonlinear analysis, variational inequalities and partial
differential equations (see for instance [88, 130]). Different attempts to establish
links to the convex analysis have been made (see [90,91,119]), but the most fruitful
ones turned out to be the ones based on the so-called Fitzpatrick function discov-
ered by Simons Fitzpatrick in [70]. Neglected for many years until re-popularized
in [7, 8, 52, 98, 104–106, 121], this class of functions along with its extensions have
given rise to a great number of publications which rediscovered and extended the
important results of the theory of monotone operators by using tools from the con-
vex analysis. The investigations we make in this chapter are to be seen belonging
to this class of results, whereby, we concentrate ourselves on results based on the
conjugate duality theory.

Let X be a nonzero Banach space, X� its topological dual space and X�� its
bidual space, while by h�; �i we denote the duality products in both X� � X and
X�� �X�. A set-valued operator S W X ⇒ X� is said to be monotone if

hy� � x�; y � xi � 0 whenever x� 2 S.x/ and y� 2 S.y/:
For a set-valued operator S W X ⇒ X� we denote its graph by G.S/ D f.x; x�/ 2
X � X� W x� 2 S.x/g, its domain by D.S/ D fx 2 X W S.x/ ¤ ;g and its range
by R.S/ D [x2X S.x/.

The monotone operator S is called maximal monotone if its graph is not properly
contained in the graph of any other monotone operator S 0 W X ⇒ X�. The classical
example of a maximal monotone operator is the subdifferential of a proper, convex
and lower semicontinuous function (see [114]). Thus denoting by k � k and k � k� the
norm on X and X�; respectively, the duality map J W X ⇒ X�, defined as

J.x/ D @

�

1

2
k � k2

�

.x/ D ˚

x� 2 X� W kxk2 D kx�k2� D hx�; xi� ; x 2 X

R.I. Boţ, Conjugate Duality in Convex Optimization, Lecture Notes in Economics and
Mathematical Systems 637, DOI 10.1007/978-3-642-04900-2 6,
c� Springer-Verlag Berlin Heidelberg 2010
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is a maximal monotone operator. However, there exist maximal monotone operators
which are not subdifferentials (see [119]).

An element .u; u�/ 2 X �X� is said to be monotonically related to the graph of
S if

hy� � u�; y � ui � 0 for all .y; y�/ 2 G.S/:
A monotone operator S is maximal monotone if and only if the set of monotonically
related elements to G.S/ is exactly G.S/.

To any monotone operator S W X ⇒ X�, we associate the Fitzpatrick function
'S W X �X� ! R defined by

'S .x; x
�/ D supfhy�; xi C hx�; yi � hy�; yi W y� 2 S.y/g;

which is obviously convex and weak-weak� lower semicontinuous. It was intro-
duced by Fitzpatrick in [70] and it proved to play an important role in the theory of
maximal monotone operators, revealing some connections to the convex analysis.
Consider also the coupling function c W X � X� ! R, c.x; x�/ D hx�; xi, and
cS W X � X� ! R, cS D c C ıG.S/. The function  S D clk
k�k
k�

.co cS / is the
so-called Penot function (see [104, 105] for properties of this function in reflexive
Banach spaces) and it is well-linked to the function of Fitzpatrick.

Having a function f W A�B ! R, whereA andB are nonempty sets, we denote
by f > the transpose of f , namely the function f > W B � A ! R; f >.b; a/ D
f .a; b/. If h W X �X� ! R is a given function we denote by bh� W X� �X�� ! R

its conjugate function and by h� W X� � X ! R, h�.x�; x/ D bh�.x�;bx/, its
canonical embedding to X� � X . Then one has on X � X� that  �>

S D 'S . The
following result is due to Fitzpatrick.

Proposition 23.1 (cf. [70]). Let S W X ⇒ X� be a maximal monotone operator.
Then

(i) 'S .x; x�/ � hx�; xi for all .x; x�/ 2 X �X�;
(ii) G.S/ D f.x; x�/ 2 X �X� W 'S .x; x�/ D hx�; xig.

Motivated by these properties of the Fitzpatrick function, the notion of rep-
resentative function of a monotone operator was introduced and studied in the
literature.

Definition 23.2 (cf. [70]). For S W X ⇒ X� a monotone operator we call repre-
sentative function of S a convex and strong lower semicontinuous function hS W
X �X� ! R fulfilling

hS � c and G.S/ � f.x; x�/ 2 X �X� W hS .x; x�/ D hx�; xig:

If G.S/ ¤ ; (in particular if S is maximal monotone), then every representative
function of S is proper. From Proposition 23.1 it follows that the Fitzpatrick func-
tion associated to a maximal monotone operator is a representative function of the
operator. The next result is a direct consequence of the ones from [51] (see also [96,
Proposition 1.2, Theorem 4.2(1)]).
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Proposition 23.3. Let S W X ⇒ X� be a maximal monotone operator and hS be a
representative function of S . Then:

(i) 'S .x; x�/ � hS .x; x
�/ �  S .x; x

�/ for all .x; x�/ 2 X �X�;
(ii) the function h�>

S is a representative function of S ;
(iii) G.S/ D f.x; x�/ 2 X � X� W hS .x; x�/ D hx�; xig D f.x; x�/ 2 X � X� W

h�>
S .x; x�/ D hx�; xig.

Viceversa, if S is maximal monotone and hS W X � X� ! R is a convex and
strong lower semicontinuous function that fulfills on X �X� 'S � hS �  S , then
hS is a representative function of S .

If f W X ! R is a proper, convex and lower semicontinuous function, then a
representative function of the maximal monotone operator @f W X ⇒ X� is the
function .x; x�/ 7! f .x/ C f �.x�/. Indeed, for all .x; x�/ 2 X � X� it holds
f .x/ C f �.x�/ � hx�; xi. Moreover, .x; x�/ 2 G.@f / if and only if f .x/ C
f �.x�/ D hx�; xi.

If f is a sublinear and lower semicontinuous function, then the operator @f W
X ⇒ X� has a unique representative function, namely the function .x; x�/ 7!
f .x/C f �.x�/ (see [44, Theorem 3.1] and [106, Example 3]).

If X is a Hilbert space, then there exists a unique representative function of the
maximal monotone operator @.ıC / W X ⇒ X , where C is a nonempty convex and
closed subset ofX . Indeed, by [6, Example 3.1], the Fitzpatrick function of @.ıC / D
NC is '@.ıC /.x; x

�/ D ıC .x/ C �C .x
�/; .x; x�/ 2 X � X�. This implies that

'�
@.ıC /

D '�>
@.ıC /

D '@.ıC / for all .x; x�/ 2 X �X�. Thus the unique representative
function is .x; x�/ 7! ıC .x/C �C .x

�/.
In the remaining of this section, we give some characterizations for the maximal-

ity of a monotone operator in reflexive Banach spaces. Under this assumptions we
identify the dual of X �X� with X� �X and consider as duality product

h.y�; y/; .x; x�/i D hy�; xi C hx�; yi

for .x; x�/ 2 X � X� and .y�; y/ 2 X� � X . Remaining consistent with the
notations above, the conjugate of a function f W X � X� ! R will be denoted by
f � W X� �X ! R, f �.y�; y/ D sup.x;x�/2X�X� fhy�; xi C hx�; yi � f .x; x�/g.

Theorem 23.4 (cf. [119]). A monotone operator S on a reflexive Banach space X
is maximal if and only if G.S/C G.�J / D X � X� or, equivalently, the mapping
S.x C �/C J.�/ is surjective for all x 2 X .

One should notice that the result above has been given in [119] under the name
“�J” criterion for maximality. Another important characterization of the maxi-
mality in reflexive Banach spaces was formulated by Burachik and Svaiter in [52,
Theorem 3.1] and by Penot and Zălinescu in [108, Proposition 2.1].

Theorem 23.5 (cf. [52, 108]). Let X be a reflexive Banach space. For any proper,
convex and lower semicontinuous function f W X � X� ! R with f � c one has
that the operator having as graph f.x; x�/ 2 X � X� W f .x; x�/ D hx�; xig is
maximal monotone if and only if f � � c>.
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24 Maximal Monotonicity of the Operator S C A�TA

Consider X and Y reflexive Banach spaces, A W X ! Y a linear continuous
operator and S W X ⇒ X� and T W Y ⇒ Y � two maximal monotone operators
with representative functions hS and hT , respectively, such that A.PrX .domhS //\
PrY .domhT / ¤ ;. The operator S C A�TA W X ⇒ X� defined by .S C
A�TA/.x/ D S.x/ C .A� ı T ı A/.x/ is monotone, but not always maximal
monotone. In this section we prove, using an idea due to Borwein (cf. [7]), that
this operator is maximal monotone, provided a closedness-type regularity condition
is fulfilled. To this aim, we use the following result, which is a direct consequence
of Theorem 9.1 (for more details, see [23]).

Theorem 24.1. Let X , Y and U be separated locally convex spaces, g W Y ! R

a proper, convex and lower semicontinuous function and A W X ! Y a linear
continuous operator such that R.A/ \ domg ¤ ;. Consider moreover the linear
operator M W U ! X� and let � be any locally convex topology on X� giving X
as dual. Then following statements are equivalent:

(i) A� � idR.epig�/ is closed regarding the set R.M/� R in .X�; �/ � R;
(ii) .g ı A/�.Mu/ D minfg�.y�/ W A�y� D Mug 8u 2 U .

Let us notice that one can take in the preceding proposition as � the weak� topology
on X� or the strong topology on X� in case X is a reflexive Banach space.

Next we prove that in this case the following regularity condition

.RC SCA�TA/ f.x� C A�y�; x; y; r/ W h�
S .x

�; x/C h�
T .y

�; y/ � rg is closed
regarding the set X� ��AX � R;

where �AX D f.x; Ax/ W x 2 Xg, is sufficient for the maximality of the operator
S C A�TA (cf. [18]).

Theorem 24.2. If .RC SCA�TA/ is fulfilled, then SCA�TA is a maximal monotone
operator.

Proof. Consider z 2 X and z� 2 X� some fixed elements. The result will follow as a
consequence of Theorem 23.4, more precisely we prove that there exists Nx 2 X such
that z� 2 .S CA�TA/. NxC z/C J. Nx/. Consider the functions F;G W X �X� ! R

defined by

F.x; x�/ D inf
.u�;y�/2X��Y �

u�CA�y�Dx�Cz�

fhS .xCz; u�/ChT .A.xCz/; y�/�hu�; zi�hy�; Azig

and

G.x; x�/ D 1

2
kxk2 C 1

2
kx�k2� � hz�; xi:
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First we compute the conjugates of F and G. For .!�; !/ 2 X� �X we have

F �.!�; !/ D sup
.x;x�/2X�X�

n

h!�; xi C hx�; !i � inf
.u�;y�/2X��Y �

u�CA�y�Dx�Cz�

fhS .x C z; u�/

ChT .A.x C z/; y�/� hu�; zi � hy�; Azig
o

D sup
x2X

.u�;y�/2X��Y �

fh!�; xi C hu� C A�y� � z�; !i

�hS .x C z; u�/ � hT .A.x C z/; y�/C hu�; zi C hy�; Azig
D sup

x2X
.u�;y�/2X��Y �

fh!�; ui C hu�; ! C zi C hy�; A.! C z/i

�hS .u; u�/� hT
�

Au; y�/g � h!�; zi � hz�; !i:

Considering the functionsg W X�Y �X��Y � ! R; g.x; y; x�; y�/ D hS .x; x
�/C

hT .y; y
�/; B W X �X� �Y � ! X �Y �X� �Y �; B.x; x�; y�/ D .x; Ax; x�; y�/

and M W X �X� ! X� �X � Y;M.!; !�/ D .!�; !; A!/; we have that

F �.!�; !/ D .g ı B/� �M.! C z; !�/
� � h!�; zi � hz�; !i:

One can easily check that the conjugate of g is g� W X� � Y � � X � Y ! R,
g�.x�; y�; x; y/ D h�

S .x
�; x/ C h�

T .y
�; y/ and the adjoint operator of the linear

continuous mappingB isB� W X��Y ��X�Y ! X��X�Y;B�.x�; y�; x; y/ D
.x� CA�y�; x; y/. Hence B� � idR.epig�/ D f.B�.x�; y�; x; y/; r/ W g�.x�; y�;
x; y/ � rg D ˚

.x� C A�y�; x; y; r/ W h�
S .x

�; x/C h�
T .y

�; y/ � r
�

and because of
R.M/� R D X� ��AX � R, the regularity condition .RC SCA�TA/ is nothing else
than B� � idR.epig�/ is closed regarding the set R.M/ � R. By Theorem 24.1 we
have that .g ı B/� .M.! C z; !�// D minfg�.a�; b�; a; b/ W B�.a�; b�; a; b/ D
M.! C z; !�/g (the fact that R.B/ \ domg ¤ ; follows from the assumption
A.PrX .domhS // \ PrY .domhT / ¤ ;). Thus

F �.!�; !/ D min
.a�CA�b�;a;b/D.!�;!Cz;A.!Cz//

˚

h�
S .a

�; a/C h�
T .b

�; b/
�

�h!�; zi � hz�; !i:

For the conjugate of G we have

G�.!�; !/ D sup
x2X
x�2X�

�

h!�; xi C hx�; !i � 1

2
kxk2 � 1

2
kx�k2� C hz�; xi

�

D 1

2
k!� C z�k2� C 1

2
k!k2:
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For every .x; x�/ 2 X�X� and .u�; y�/ 2 X��Y � such that u�CA�y� D x�Cz�
we obtain by the definition of the representative function that

hS .x C z; u�/C hT .A.x C z/; y�/� hu�; zi � hy�; Azi CG.x; x�/

� hu�; x C zi C hy�; A.x C z/i � hu�; zi � hy�; Azi CG.x; x�/

D hu�; xi C hA�y�; xi CG.x; x�/ D hu�; xi C hx� C z� � u�; xi CG.x; x�/

D hx� C z�; xi CG.x; x�/ D 1

2
kxk2 C 1

2
kx�k2� C hx�; xi � 0:

This implies F.x; x�/CG.x; x�/ � 0 for all .x; x�/ 2 X �X�, that is

inf
.x;x�/2X�X�

fF.x; x�/CG.x; x�/g � 0:

The functions F and G are convex and the latter is continuous. Thus by Fenchel’s
Duality Theorem, Theorem 2.2 (.RC id

1 / is verified), there exists a pair . Nx�; Nx/ such
that

inf
.x;x�/2X�X�

fF.x; x�/CG.x; x�/g D max
.x�;x/2X��X

f�F �.x�; x/ �G�.�x�;�x/g

D �F �. Nx�; Nx/ �G�.� Nx�;� Nx/:
Therefore there exists . Na�; Na; Nb�; Nb/ 2 X� � X � Y � � Y such that . Na� C
A� Nb�; Na; Nb/ D . Nx�; Nx C z; A. Nx C z// and

h�
S . Na�; Na/C h�

T .
Nb�; Nb/� h Nx�; zi � hz�; Nxi C 1

2
k � Nx� C z�k2� C 1

2
k � Nxk2 � 0:

Taking into account that Nb D A. NxC z/ D A Na, Nx D Na� z and Nx� D Na� CA� Nb�, we
obtain

0 � �

h�

S .Na�; Na/� hNa�; Nai�C �

h�

T .
Nb�; Nb/� h Nb�; Nbi�C hNa�; Nai C h Nb�; Nbi

�h Nx�; zi � hz�; Nxi C 1

2
k � Nx� C z�k2

�
C 1

2
k � Nxk2 D �

h�

S .Na�; Na/� hNa�; Nai�

C �

h�

T .
Nb�; Nb/� h Nb�; Nbi�C hNa�; Nai C h Nb�; A Nai � hNa�; zi � h Nb�; Azi � hz�; Nai C hz�; zi

C1

2
k � Na� �A� Nb� C z�k2

�
C 1

2
k � NaC zk2 D �

h�

S .Na�; Na/� hNa�; Nai�C �

h�

T .
Nb�; Nb/� h Nb�; Nbi�

C1

2
k � Na� � A� Nb� C z�k2

�
C 1

2
k � NaC zk2

Ch�Na� � A� Nb� C z�;�NaC zi � 0;

where the last inequality follows by using Proposition 23.3. Hence the inequalities
above must be fulfilled as equalities, that is

h�
S . Na�; Na/ D hNa�; Nai; h�

T .
Nb�; Nb/ D h Nb�; Nbi
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and

1

2
k � Na� �A� Nb� C z�k2� C 1

2
k � Na C zk2 C h�Na� �A� Nb� C z�;�Na C zi D 0:

Using again Proposition 23.3 and the definition of the duality map J , we equiv-
alently obtain that Na� 2 S. Na/, Nb� 2 T . Nb/ and z� � Na� � A� Nb� 2 J. Na � z/.
Employing once more the relation . Na� C A� Nb�; Na; Nb/ D . Nx�; Nx C z; A. Nx C z// we
get z� � Nx� 2 J. Nx/ and Nx� D Na� CA� Nb� 2 S. Na/CA�T .A Na/ D .SCA�TA/. Na/ D
.S C A�TA/. Nx C z/. Finally we have

z� D Nx� C .z� � Nx�/ 2 .S C A�TA/. Nx C z/C J. Nx/:

As z and z� have been arbitrary chosen, Theorem 23.4 yields the conclusion. �

Remark 24.3. One should notice that the maximal monotonicity for S C A�TA is
valid even if asking only that

.gRC
SCA�TA

/ f.x� C A�y�; x; y; r/ W h�
S .x

�; x/C h�
T .y

�; y/ � rg is closed:

The regularity conditions for the maximality of S C A�TA that one can find in the
literature are of generalized interior point-type. We mention here only the weakest
conditions in this sense, namely the one given by Pennanen in [103]

0 2 ri.A.D.S// �D.T //;

which can be equivalently formulated as

0 2 ri.A.co.D.S/// � co.D.T //

and, respectively, the one given by Penot and Zălinescu in [108]

.RC SCA�TA
PZ / 0 2 sqri .A.PrX .domhS // � PrY .domhT // ;

with the equivalent formulations

0 2 sqri.A.D.S// �D.T //

and
0 2 sqri.A.co.D.S/// � co.D.T //:

Here for U � X by ri.U / we denote the set which is equal to the interior of U with
respect to its affine hull in case the latter is closed, being the empty set, otherwise.
According to [108, Corollary 3.6], one has

ri.A.co.D.S/// � co.D.T // D sqri.A.co.D.S/// � co.D.T //
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and this means that all the generalized interior point conditions above are equivalent.

Next we show that .gRC
SCA�TA

/ and, consequently, .RCSCA�TA/ are implied by
the aforementioned conditions.

We assume that .RC SCA�TA
PZ / is fulfilled and consider the following functions s W

X�X� �Y � ! R; s.x; x�y�/ D hS .x; x
�/; t W Y �X� �Y � ! R; t.y; x�; y�/ D

hT .y; y
�/ and C W X � X� � Y � ! Y �X� � Y �; C.x; x�; y�/ D .Ax; x�; y�/.

One can see by direct computation that

s� W X� �X � Y ! R; s�.x�; x; y/ D
�

h�
S .x

�; x/; if y D 0;

C1; otherwise;

t� W Y � �X � Y ! R; t�.y�; x; y/ D
�

h�
T .y

�; y/; if x D 0;

C1; otherwise

and C � W Y � �X � Y ! X� �X � Y;C �.y�; x; y/ D .A�y�; x; y/. As

cone .A.PrX .domhS // � PrY .domhT // �X� � Y � D cone .C.dom s/ � dom t/

it follows that 0 2 sqri .C.dom s/ � dom t/. Thus the regularity condition .RCA2 /
introduced in Section 2 is fulfilled and, by Theorem 5.5, one has for all .x�; x; y/ 2
X� �X � Y that

.s C t ı C/�.x�; x; y/ D min
.u�;v;z/2Y��X�Y

˚

s� �.x�; x; y/ � C �.u�; v; z/
�

Ct�.u�; v; z/g :

On the other hand, by Theorem 7.3, this is the same as assuming that epi s� CC � �
idR.epi t�/ is closed inX� �X�Y �R. As epi s� D f.x�; x; 0; r/ W h�

S .x
�; x/ � rg

and C � � idR.epi t�/ D f.A�y�; 0; y; r/ W h�
T .y

�; y/ � rg we have in conclusion
that f.x� CA�y�; x; y; r/ W h�

S .x
�; x/Ch�

T .y
�; y/ � rg is closed and hence closed

regarding the set X� ��AX � R. In other words, .RC SCA�TA/ is fulfilled. Actually

we proved that .RC SCA�TA
PZ / ) .gRC

SCA�TA
/ ) .RC SCA�TA/. The fact that

.RC SCA�TA/ is indeed weaker than .RC SCA�TA
PZ / is shown by an example in the

next section.

Remark 24.4. Consider f W X ! R and g W Y ! R two proper, convex and
lower semicontinuous functions such that A.domf /\ domg ¤ ; and the maximal
monotone operators @f W X ⇒ X� and @g W Y ⇒ Y � along with their repre-
sentative functions .x; x�/ 7! f .x/ C f �.x�/ and .y; y�/ 7! g.y/ C g�.y�/,
respectively. By Theorem 24.2 it yields that if

f.x� C A�y�; x; y; r/ W f .x/C f �.x�/C g.y/C g�.y�/ � rg is closed
regarding the set X� ��AX � R;

(24.1)
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then @f CA�@gA is a maximal monotone operator. As one always has that @.f Cgı
A/ � @f CA�@gA and @.f CgıA/ is monotone, this is equivalent to @.f CgıA/ D
@f C A�@gA.

Next we prove that (24.1) is equivalent to

epif � CA� � idR.epig�/ is closed in X� � R: (24.2)

To this end we make the notations

U WD f.x� C A�y�; x; y; r/ W f .x/C f �.x�/C g.y/C g�.y�/ � rg

and V WD X� ��AX � R. Hence (24.1) can be written as cl.U /\ V D U \ V .
(24.1))(24.2) If .u�; r/ is an element in cl.epif �CA��idR.epig�//, then there

exist the sequences fx�
n W n 2 Ng � X�, fy�

n W n 2 Ng � Y �, frn W n 2 Ng � R and
ftn W n 2 Ng � R such that

�

f �.x�
n/ � rn; g

�.y�
n/ � tn 8n 2 N;

x�
n C A�y�

n ! u�; rn C tn ! r .n ! C1/:

By the hypothesis, there exists x0 2 domf \ A�1.domg/. We get that for all
n 2 N .x�

n C A�y�
n ; x

0; Ax0; rn C tn C f .x0/ C g.Ax0// 2 U , which implies that
.u�; x0; Ax0; rCf .x0/Cg.Ax0// 2 cl.U /\V D U \V . Thus there exist x� 2 X�
and y� 2 Y � such that u� D x� CA�y� and f .x0/Cf �.x�/Cg.Ax0/Cg�.y�/ �
r C f .x0/C g.Ax0/, that is f �.x�/C g�.y�/ � r . Consequently,

.u�; r/ D .x�; r � g�.y�//C .A�y�; g�.y�// 2 epif � C A� � idR.epig�/

and so (24.2) follows.
(24.2))(24.1) Let .z�; z; Az; r/ 2 cl.U /\V be fixed. There exist some sequen-

ces fx�
n W n 2 Ng � X�, fy�

n W n 2 Ng � Y �, fxn W n 2 Ng � X , fyn W n 2 Ng � Y

and frn W n 2 Ng � R such that

�

f .xn/C f �.x�
n/C g.yn/C g�.y�

n/ � rn 8n 2 N;

x�
n C A�y�

n ! z�; xn ! z; yn ! Az; rn ! r .n ! C1/:

For all n 2 N we have .f C g ı A/�.x�
n C A�y�

n/ � f �.x�
n/ C g�.y�

n/ and from
here f .xn/Cg.yn/C .f CgıA/�.x�

n CA�y�
n / � rn. The lower semicontinuity of

the functions involved yields f .z/Cg.Az/C .f Cg ıA/�.z�/ � r . Thus, by Theo-
rem 7.2, .z�; r�f .z/�g.Az// 2 epi.f CgıA/� D cl .epif � C A� � idR.epig�//
D epif � C A� � idR.epig�/. Hence there exist x� 2 X�; y� 2 Y � and s; t 2 R

such that .z�; r�f .z/�g.Az// D .x�; s/C.A�y�; t/, f �.x�/ � s and g�.y�/ � t .
Thereforef �.x�/Cg�.y�/ � sCt D r�f .z/�g.Az/ , f .z/Cf �.x�/Cg.Az/C
g�.y�/ � r . This means that .z�; z; Az; r/ D .x� C A�y�; z; Az; r/ 2 U \ V .
Consequently, cl.U /\ V � U \ V and (24.1) is fulfilled.
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The fact that the closedness-type condition in (24.2) is sufficient for having the
subdifferential sum formula follows as consequence of Theorem 7.5, even when
working in separated locally convex spaces.

25 The Maximality of A�TA and S C T

In the following we deal with some particular cases of Theorem 24.2 and formulate
closedness-type sufficient conditions for the maximality of the composition of a
maximal monotone operator with a linear continuous operator and of the sum of two
maximal monotone operators, respectively. By some examples, we illustrate that
these conditions are indeed weaker than the generalized interior point ones given
until now in the literature.

As a first special case of Theorem 24.2, we take S W X ⇒ X�, S.x/ D f0g for
all x 2 X . Thus G.S/ D X � f0g and S C A�TA D A�TA. We show that the
operator S has an unique representative function. To this end, we compute first its
Fitzpatrick function 'S . We have for all .x; x�/ 2 X �X�

'S .x; x
�/ D supfhy�; xi C hx�; yi � hy�; yi W y� 2 S.y/g

D
�

0; if x� D 0;

C1; otherwise
D ıX�f0g:

If hS is a representative function of S , then by Proposition 23.3 we get f.x; x�/ W
hS .x; x

�/ D hx�; xig D G.S/ D X � f0g, hence hS .x; 0/ D 0 for all x 2 X . Let
x 2 X and x� 2 X� n f0g be arbitrary elements. Since hS .x; x�/ � 'S .x; x

�/ D
C1, it follows that hS D ıX�f0g. As h�>

S is again a representative function of S ,
we obtain that h�>

S D ıX�f0g, that is h�
S D ıf0g�X .

The feasibility condition A.PrX .domhS // \ PrY .domhT / ¤ ; looks like
R.A/\ PrY .domhT // ¤ ; and the regularity condition .RC SCA�TA/ can be
written as

f.A�y�; x; y; r/ W h�
T .y

�; y/ � rg is closed regarding the setX���AX�R: (25.1)

We prove that (25.1) is equivalent to

.RCA
�TA/ A� � idY � idR.epih�

T / is closed regarding the set X� � R.A/ � R:

Notice first that (25.1) and .RCA
�TA/ are nothing else than

f.A�y�; x; y; r/ W h�
T .y

�; y/ � rg \ .X� ��AX � R/

D cl
�f.A�y�; x; y; r/ W h�

T .y
�; y/ � rg� \ .X� ��AX � R/
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and
f.A�y�; y; r/ W h�

T .y
�; y/ � rg \ .X� � R.A/ � R/

D cl
�f.A�y�; y; r/ W h�

T .y
�; y/ � rg� \ .X� � R.A/ � R/;

respectively.
(25.1)) .RCA

�TA/ Take .z�; Az; s/ 2 cl
�f.A�y�; y; r/ W h�

T .y
�; y/ � rg� \

.X� � R.A/ � R/. Then there exist some sequences fy�
n W n 2 Ng � Y �, fyn W n 2

Ng � Y and frn W n 2 Ng � R such that A�y�
n ! z�; yn ! Az; rn ! s (n !

C1) and h�
T .y

�
n ; yn/ � rn for all n 2 N. Thus .A�y�

n ; z; yn; rn/ ! .z�; z; Az; s/
(n ! C1) and so, by (25.1), .z�; z; Az; s/ 2 cl

�f.A�y�; x; y; r/ W h�
T .y

�; y/ � rg�
\.X� � �AX � R/ D f.A�y�; x; y; r/ W h�

T .y
�; y/ � rg \ .X� � �AX � R/.

This implies that for y� 2 Y �, z� D A�y� and h�
T .y

�; Az/ � s, so .z�; Az; s/ 2
f.A�y�; y; r/ W h�

T .y
�; y/ � rg. Therefore .RCA

�TA/ is fulfilled.
.RCA

�TA/ ) (25.1) Let .z�; z; Az; s/ 2 cl
�f.A�y�; x; y; r/ W h�

T .y
�; y/ � rg�

\.X� � �AX � R/ be fixed. Then there exist some sequences fy�
n W n 2 Ng � Y �,

fxn W n 2 Ng � X , fyn W n 2 Ng � Y and frn W n 2 Ng � R such that
A�y�

n ! z�; xn ! z; yn ! Az; rn ! s (n ! C1) and h�
T .y

�
n ; yn/ � rn

for all n 2 N. We have .A�y�
n ; yn; rn/ ! .z�; Az; s/ (n ! C1) and obtain

that .z�; Az; s/ 2 cl
�f.A�y�; y; r/ W h�

T .y
�; y/ � rg� \ .X� � R.A/ � R/ D

f.A�y�; y; r/ W h�
T .y

�; y/ � rg \ .X� � R.A/ � R/. For y� 2 Y � we get
z� D A�y� and h�

T .y
�; Az/ � s, so .z�; z; Az; s/ 2 f.A�y�; x; y; r/ W h�

T .y
�; y/ �

rg \ .X� ��AX � R/. Thus (25.1) is fulfilled.
We can state now the following result (cf. [18]).

Theorem 25.1. If .RCA
�TA/ is fulfilled, then A�TA is a maximal monotone oper-

ator.

Remark 25.2. The regularity condition .RCA
�TA/ and Theorem 25.1 extend the

corresponding statements given in [23] in case hT is the Fitzpatrick function of
T . In the literature, different generalized interior point regularity conditions for
the maximality of A�TA have been given. We recall here the one due to Borwein
(cf. [7])

0 2 core.R.A/ �D.T //;
which is the same as

0 2 core.R.A/� co.D.T ///;

and the one due to Pennanen (cf. [103])

0 2 ri.R.A/�D.T //;

that is the same with
0 2 ri.R.A/� co.D.T ///:

The latter have been proved in [108, 128] to be equivalent to

0 2 sqri.R.A/� co.D.T //
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and also to
0 2 sqri.R.A/�D.T //

and
.RCA

�TA
PZ / 0 2 sqri .R.A/� PrY .domhT // :

These are the weakest generalized interior point regularity conditions in reflexive
Banach spaces for the maximality ofA�TA known so far. By Remark 24.3 it follows
that whenever .RCA

�TA
PZ / is fulfilled, the conditions

.gRC
A�TA

/ A� � idY � idR.epih�
T / is closed

and .RCA
�TA/ are fulfilled, too. In other words, we have .RCA

�TA
PZ / ) .gRC

A�TA
/

) .RCA
�TA/. In the example below, we present a situation where .RCA

�TA
PZ / and,

consequently, the other generalized interior point conditions fail, unlike .gRC
A�TA

/

and .RCA
�TA/.

Example 25.3. (cf. [23]) Let X D R, Y D R
2 and T W R

2 ⇒ R
2 be defined as

T .x; y/ D

8

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

:

.�1; 0� � f0g; if x D 0; y < 0;

.�1; 0� � Œ0;C1/; if x D y D 0;

fxg � f0g; if x > 0; y < 0;
fxg � Œ0;C1/; if x > 0; y D 0;

;; otherwise:

Is is not difficult to notice that, considering the proper, convex and lower semicontin-
uous functions f; g W R ! R, f .x/ D .1=2/x2 C ıRC

.x/ and g.x/ D ı.�1;0�.x/,
we have T .x; y/ D @f .x/ � @g.y/ for all .x; y/ 2 R

2. Thus T is a maximal
monotone operator. Taking A W R ! R

2, Ax D .x; x/, one gets for any x 2 R

A� ı T ı A.x/ D @f .x/C @g.x/ D
�

R; if x D 0;

;; otherwise

and one can see that A� ı T ıA is maximal monotone operator, too.
We consider as a representative function for T its Fitzpatrick function 'T . We

have for all .x; y; x�; y�/ 2 R
4

'T .x; y; x
�; y�/ D

8

ˆ

<

ˆ

:

�

xCx�

2

	2

; if x � 0; x C x� > 0; y � 0; y� � 0;

0; if x � 0; x C x� � 0; y � 0; y� � 0;

C1; otherwise

and

'�
T .x

�; y�; x; y/ D
�

x2; if x � 0; x � x�; y� � 0; y � 0;

C1; otherwise.
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The epigraph of its conjugate is

epi'�
T D

[

x�0

�

.�1; x� � Œ0;C1/ � fxg � .�1; 0� � Œx2;C1/
�

and so

A� � id
R2 � idR.epi'�

T / D R �
[

x�0

�fxg � .�1; 0� � Œx2;C1/
�

;

which is closed. The regularity condition .gRC
A�TA

/ is valid and the same applies
for .RCA

�TA/.
In order to check the validity of .RC SCA�TA

PZ / we calculate cone.R.A/�D.T //.
It is clear that D.T / D Œ0;C1/ � .�1; 0� and R.A/ D �

R2 . We have R.A/ �
D.T / D [x2R.�1; x�� Œx;C1/ and so cone.R.A/�D.T // D [x2R.�1; x��
Œx;C1/ D f.x; y/ 2 R

2 W x � yg, which is not a linear subspace, and this means
that the generalized interior point condition is violated.

The second important particular case of Theorem 24.2, that we treat in this
section, is obtained by taking Y D X and A D idX . Then A� D idX� ,
S; T W X ⇒ X� and S C A�TA D S C T . The condition A.PrX .domhS // \
PrX .domhT / ¤ ; becomes PrX .domhS / \ PrX .domhT / ¤ ; and the regularity
condition .RC SCA�TA/ turns out to be

.RC SCT / f.x� C y�; x; y; r/ W h�
S .x

�; x/C h�
T .y

�; y/ � rg is closed
regarding the set X� ��X2 � R:

Theorem 24.2 yields to the following result.

Theorem 25.4. If .RC SCT / is fulfilled, then S C T is a maximal monotone
operator.

Another possibility to get .RC SCT / is by deriving it from .RCA
�TA/ when

Y D X � X , A W X ! X � X , Ax D .x; x/ and .S; T / W X � X ⇒ X� � X�,
.S; T /.x; y/ D S.x/ � T .y/. In case S and T are maximal monotone operators
.S; T / is also a maximal monotone operator and it holds A�.S; T /A.x/ D S.x/C
T .x/ for all x 2 X . After some calculations, one can see that .RCA

�TA/ becomes
.RC SCT /.

Remark 25.5. The regularity condition .RC SCT / and Theorem 25.4 extend the cor-
responding result given in [23, 28] in case hS and hT are the Fitzpatrick functions
of S and T , respectively. We want to mention that the most famous regularity con-
dition ensuring the maximal monotonicity of the sum of two maximal monotone
operators was introduced in the pioneering work of Rockafellar [115] and it looks
like

D.S/ \ int.D.T // ¤ ;:
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Rockafellar’s condition has been weakened by considering the algebraic interior
instead of the topological interior to (cf. [7, 105])

0 2 core.D.S/ �D.T //;

which is the same as

0 2 core.co.D.S// � co.D.T ///:

A further improvement of these regularity conditions has been furnished in [56,103]
where

0 2 ri.D.S/ �D.T //
or, equivalently,

0 2 ri.co.D.S// � co.D.T ///

has been assumed. The latter conditions have been proved in [108, 128] to be
equivalent to the following ones expressed via the strong quasi-relative interior
(see [3])

0 2 sqri.D.S/ �D.T //

and also to
0 2 sqri.co.D.S/ � co.D.T ///

and
.RC SCT

PZ / 0 2 sqri .PrX .domhS /� PrX .domhT // :

These are the weakest generalized interior point regularity conditions in reflexive
Banach spaces known so far, which guarantee that S C T is a maximal monotone
operator. As follows from Remark 24.3, .RC SCT

PZ / implies the condition

.gRC
SCT

/ f.x� C y�; x; y; r/ W h�
S .x

�; x/C h�
T .y

�; y/ � rg is closed

and this further implies .RC SCT /. The maximal monotone operators in the exam-
ple below have as sum a maximal monotone operator, the regularity conditions

.gRC
SCT

/ and .RC SCT / are fulfilled, but .RC SCT
PZ / and, consequently, the gen-

eralized interior point conditions from above fail.

Example 25.6. TakeX D R
2, equipped with the Euclidean norm k�k2, f; g W R

2 !
R, f D k � k2 C ı

R
2
C

, g D ı�R
2
C

and S D @f , T D @g. Both S and T are maximal

monotone operators and for all x 2 R
2 one has .S C T /.x/ D @f .x/ C @g.x/ D

R
2 if x D 0, being the empty set, otherwise. This means that S C T is maximal

monotone, too. Since f is proper, sublinear and lower semicontinuous and g is the
indicator function of a nonempty, convex and closed set, the operators S and T have
both unique representative functions, namely

hS .x; x
�/ D f .x/C f �.x�/ 8.x; x�/ 2 R

2 � R
2
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and
hT .x; x

�/ D g.x/C g�.x�/ 8.x; x�/ 2 R
2 � R

2;

respectively. One can see that g� D ı
R

2
C

and f � D ıfu2R2Wkuk2�1g�R
2
C

. For the set

involved in the formulation of the closedness-type regularity condition, we have that

f.x� C y�; x; y; r/ W f .x/C f �.x�/C g.y/C g�.y�/ � rg

D R
2 � f.x; y; r/ W x 2 R

2C; y 2 �R
2C; kxk2 � rg:

As this set is closed, both .gRC
SCT

/ and .RCSCT / are fulfilled.
Since PrX .domhS / D R

2C and PrX .domhT / D �R
2C, the condition .RCSCT

PZ /

becomes: R
2C is a closed linear subspace in R

2, which shows that this condition fails
in this case.

We close this section by making some considerations on the closedness-type reg-
ularity conditions treated above. As one can notice from the particular case treated

in Example 25.6, even if the generalized interior point conditions fail, .gRC
SCT

/

and .RCSCT / are both fulfilled. We have a similar situation in Example 25.3 with
the regularity conditions stated for A�TA. This gives rise to the following open
problem.

Open problem 25.7 Do there exist maximal monotone operators S; T W X ⇒
X� with corresponding representative functions hS and hT with PrX .domhS / \
PrX .domhT / ¤ ; such that .RC SCT / is fulfilled, while .gRC

SCT
/ fails?

Further, one should also notice that .RCSCT / (but also .gRC
SCT

/) provides a
family of sufficient conditions for the maximality of S C T that can be obtained by
considering different representative functions. Let us denote by .RC SCT .hS ; hT //
the regularity condition we formulated by taking as representative functions hS and
hT for S and T , respectively. It seems to be challenging to find out what kind of
relations do exist between the regularity conditions .RC SCT .hS ; hT // for differ-
ent choices of hS and hT . Employing in the formulation of .RC SCT .hS ; hT // the
Fitzpatrick and the Penot function, one obtains the following conditions

.RC SCT .'S ; 'T // f.x� C y�; x; y; r/ W '�
S .x

�; x/C '�
T .y

�; y/ � rg is closed
regarding the set X� ��X2 � R;

.RC SCT .'S ; '�
T // f.x� C y�; x; y; r/ W '�

S .x
�; x/C 'T .y; y

�/ � rg is closed
regarding the set X� ��X2 � R;

.RC SCT .'�
S ; 'T // f.x� C y�; x; y; r/ W 'S .x; x�/C '�

T .y
�; y/ � rg is closed

regarding the set X� ��X2 � R;

and

.RC SCT .'�
S ; '

�
T // f.x� C y�; x; y; r/ W 'S .x; x�/C 'T .y; y

�/ � rg is closed
regarding the set X� ��X2 � R;
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each of them guaranteeing that SCT is maximal monotone. The following question
appears to be natural.

Open problem 25.8 Is there any relation between the four regularity conditions
listed above?

If the answer is negative, it would be important to provide some relevant exam-
ples illustrating this fact. As one can see, the generalized interior point regularity
condition .RC SCT

PZ / is written also in terms of the representative functions of the
operators involved. Nevertheless, it makes no sense to raise for it a similar question,
as in the case of the closedness-type condition, since for every pair .hS ; hT / of rep-
resentative functions, .RCSCT

PZ / is equivalent to 0 2 sqri.D.S/�D.T // and this is
written in terms of the domains of the operators S and T .

26 Enlargements of Monotone Operators

The notion of enlargement of a monotone operator has been introduced in analogy to
the notion of "-subdifferential in the convex analysis. Having f W X ! R a proper,
convex and lower semicontinuous function defined on a nonzero Banach space X ,
assumptions which guarantee that @f is a maximal monotone operator, for " � 0

the "-subdifferential @"f is an enlargement of @f in the sense that @f .x/ � @"f .x/

for all x 2 X .
For an arbitrary monotone operator S W X ⇒ X�, the following enlargement has

been introduced in [45]: given " � 0, let S" W X ⇒ X� be for all x 2 X defined by

S".x/ WD fx� 2 X� W hy� � x�; y � xi � �" 8.y; y�/ 2 G.S/g:

This enlargement turned out to have useful applications and properties similar to
those of the "-subdifferential, like local boundedness, demiclosed graph, Lipschitz
continuity and the Brøndsted–Rockafellar property (see [50, 51, 72]).

Due to the monotonicity of S , we have S.x/ � S".x/ for all x 2 X and " � 0.
The operator S0 needs not be monotone. It is worth noting that G.S0/ is exactly
the set of monotonically related elements to G.S/, hence S is maximal monotone
if and only if S D S0 (see [45, Proposition 2] and [111, Proposition 3.1]). The
enlargement S" can be characterized via the Fitzpatrick function associated to S :

x� 2 S".x/ , 'S .x; x
�/ � "C hx�; xi:

Motivated by this characterization, the following enlargement for the monotone
operator S can be considered (cf. [51,53]): for a representative function hS of S we
define for all x 2 X and " � 0

S"hS
.x/ WD fx� 2 X� W hS .x; x�/ � "C hx�; xig:
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Obviously,S"'S
D S" andG.S/ � G.S"

hS
/ for all " � 0. Moreover,S"

hS
has convex

strong-closed values and it holds S"1

hS
.x/ � S

"2

hS
.x/, provided that 0 � "1 � "2.

Further, if S is maximal monotone, then, in view of Proposition 23.3, we have for
all x 2 X

S.x/ � S" S
.x/ � S"hS

.x/ � S"'S
.x/ D S".x/

and
S.x/ � S" S

.x/ � S"
h�

S
.x/ � S"'S

.x/ D S".x/;

where S"
h�

S

.x/ D fx� 2 X� W h�
S .x

�; x/ � " C hx�; xig, as well as S D S0 S
D

S0
hS

D S0
h�

S

D S0'S
D S0. Let us notice that in case S is a monotone operator and

S D S0
hS

, where hS ¤ 'S , we do not necessarily have that S is maximal monotone.

If S D @f , where f W X ! R is proper, convex and lower semicontinuous, then
for all x 2 X

@f .x/ � @"f .x/ � @"f .x/ WD .@f /".x/

and the inclusions can be strict (see [45, 97]). Moreover, by taking as representative
function for @f h W X �X� ! R, h.x; x�/ D f .x/C f �.x�/; we see that for all
x 2 X and " � 0 .@f /"

h
.x/ D @"f .x/.

As follows from Theorems 7.7 and 7.9, when X is a separated locally convex
space and f; g W X ! R are proper, convex and lower semicontinuous functions
such that domf \ domg ¤ ;, a necessary and sufficient condition for having

@".f C g/.x/ D
[

"1;"2�0
"1C"2D"

�

@"1
f .x/C @"2

g.x/
� 8x 2 X " � 0 (26.1)

is that epif � Cepig� is closed in .X�; !.X�; X//�R. This equivalence motivates
the investigations we make in this section, namely we give a necessary and sufficient
condition that ensures a relation similar to (26.1) for the enlargements defined above
via an arbitrary representative function.

For the beginning, we prove some preliminary results and start with a theorem
which leads to the so-called bivariate infimal convolution formula.

Theorem 26.1. LetX and Y be separated locally convex spaces, h1; h2 W X�Y !
R be proper, convex and lower semicontinuous functions such that PrX .domh1/ \
PrX .domh2/ ¤ ; and V be a nonempty subset of Y �. Consider the functions
h1�2h2 W X � Y ! R, h1�2h2.x; y/ D inffh1.x; u/ C h2.x; v/ W u; v 2
Y; uCv D yg and h�

1�1h
�
2 W X��Y � ! R, .h�

1�1h
�
2/.x

�; y�/ D inffh�
1.u

�; y�/C
h�
2.v

�; y�/ W u�; v� 2 X�; u� C v� D x�g. Then the following conditions are
equivalent:

(i) .h1�2h2/
�.x�; y�/ D .h�

1�1h
�
2/.x

�; y�/ and h�
1�1h

�
2 is exact at .x�; y�/

(that is, the infimum in the definition of .h�
1�1h

�
2/.x

�; y�/ is attained) for all
.x�; y�/ 2 X� � V ;

(ii) f.a� Cb�; u�; v�; r/ W h�
1.a

�; u�/Ch�
2.b

�; v�/ � rg is closed regarding the set
X� ��V 2 � R in .X�; !.X�; X// � .Y �; !.Y �; Y // � .Y �; !.Y �; Y // � R.
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Proof. Take an arbitrary .x�; y�/ 2 X� � Y �. The following equality can be easily
derived:

.h1�2h2/
�.x�; y�/ D sup

x2X;u;v2Y
fhx�; xi C hy�; u C vi � h1.x; u/� h2.x; v/g:

(26.2)
Define now the functions F;G W X � Y � Y ! R, F.x; u; v/ D h1.x; u/ and
G.x; u; v/ D h2.x; v/, .x; u; v/ 2 X � Y � Y . It holds .h1�2h2/

�.x�; y�/ D
.F CG/�.x�; y�; y�/. For all .x�; u�; v�/ 2 X� �Y � �Y � the conjugate functions
F �; G� W X� � Y � � Y � ! R look like

F �.x�; u�; v�/ D
�

h�
1.x

�; u�/; if v� D 0;

C1; otherwise

and

G�.x�; u�; v�/ D
�

h�
2.x

�; v�/; if u� D 0;

C1; otherwise;

respectively. Further, we have .F ��G�/.x�; y�; y�/ D .h�
1�1h

�
2/.x

�; y�/. Hence
the condition (i) is fulfilled if and only if .F C G/�.x�; y�; y�/ D .F ��G�/
.x�; y�; y�/ and .F ��G�/ is exact at .x�; y�; y�/ for all .x�; y�; y�/ 2 X���V 2 .
In view of Theorem 9.2, this is further equivalent to epiF �CepiG� is closed regard-
ing the setX���V 2 �R in .X�; !.X�; X//�.Y �; !.Y �; Y //�.Y �; !.Y �; Y //�R.
Finally, the equality epiF � C epiG� D f.a� C b�; u�; v�; r/ W h�

1.a
�; u�/ C

h�
2.b

�; v�/ � rg, the proof of which presents no difficulty, gives the desired result.
�

For the particular case when V WD Y �, we obtain the following necessary and
sufficient condition for the bivariate infimal convolution formula, i.e. the formula
encountered in statement (i) below.

Corollary 26.2. LetX and Y be separated locally convex spaces, h1; h2 W X�Y !
R be proper, convex and lower semicontinuous functions such that PrX .domh1/ \
PrX .domh2/ ¤ ;. The following statements are equivalent:

(i) .h1�2h2/
� D h�

1�1h
�
2 and h�

1�1h
�
2 is exact;

(ii) f.a� Cb�; u�; v�; r/ W h�
1.a

�; u�/Ch�
2.b

�; v�/ � rg is closed regarding the set
X� ��Y �2 � R in .X�; !.X�; X//� .Y �; !.Y �; Y //� .Y �; !.Y �; Y //� R.

Remark 26.3. A generalized interior point condition, which ensures relation (i) in
Corollary 26.2, was given in [121, Theorem 4.2], namely

0 2 sqri .PrX .domh1/ � PrX .domh2// :

Unlike (ii), which is a necessary and sufficient condition for (i), the condition above
is only sufficient. To see this, it is enough to take the functions hS and hT from
Example 25.6. As shown there,

0 … sqri .PrX .domhS /� PrX .domhT // ;
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but
f.a� C b�; u�; v�; r/ W h�

S .a
�; u�/C h�

T .b
�; v�/ � rg

D R
2 � f.u�; v�; r/ W u� 2 R

2C; v� 2 �R
2C; ku�k2 � rg;

which is a closed set.

By taking in Theorem 26.1 Y WD X� and V WD X , where X is supposed to be a
normed space, so that V D X can be seen as a subspace of Y � D X��, we obtain
the following result.

Corollary 26.4. Let X be a normed space and h1; h2 W X � X� ! R be proper,
convex and lower semicontinuous functions such that PrX .domh1/ \ PrX .domh2/
¤ ;. The following statements are equivalent:

(i) .h1�2h2/
�.x�; x/ D .h�

1�1h
�
2/.x

�; x/ and h�
1�1h

�
2 is exact at .x�; x/ for all

.x�; x/ 2 X� �X ;
(ii) f.a� Cb�; u��; v��; r/ W h�

1.a
�; u��/Ch�

2.b
�; v��/ � rg is closed regarding the

set X� ��X2 � R in .X�; !.X�; X// � .X��; !.X��; X�//� .X��; !.X��;
X�// � R.

We return to the setting considered at the beginning of the section, namely with
X a nonzero real Banach space, and prove that condition (ii) in Corollary 26.4 is
sufficient for having that .hS�2hT /

� is representative for S C T in case hS and
hT are representative functions for S and T , respectively. Moreover, Theorem 26.5
offers an alternative proof for the statement in Theorem 25.4.

Theorem 26.5. Let S; T W X ⇒ X� be maximal monotone operators with repre-
sentative functions hS and hT , respectively, such that PrX .domhS /\PrX .domhT /
¤ ; and consider the function h W X �X� ! R, h D .hS�2hT /

�>. If

f.a� C b�; u��; v��; r/ W h�

S .a
�; u��/C h�

T .b
�; v��/ � rg is closed regarding the set

X� ��X2 � R in.X�; !.X�; X// � .X��; !.X��; X�//�.X��; !.X��; X�// �R;

then h is a representative function of the monotone operator S CT . If, additionally,
X is reflexive, then S C T is a maximal monotone operator.

Proof. The function h is obviously convex and strong-weak� lower semicontinu-
ous, hence strong lower semicontinuous. By applying Corollary 26.4, we obtain
h.x; x�/ D .h�

S�1h
�
T /.x

�; x/ and h�
S�1h

�
T is exact at .x�; x/ for all .x�; x/ 2

X� � X . By using Proposition 23.3 we have for all .x; x�/ 2 X � X� that
h.x; x�/ D h�

S�1h
�
T .x

�; x/ D inffh�
S .u

�; x/Ch�
T .v

�; x/ W u�; v� 2 X�; u� Cv� D
x�g � inffhu�; xi C hv�; xi W u�; v� 2 X�; u� C v� D x�g D hx�; xi, hence h � c.

It remains to show that G.S C T / � f.x; x�/ 2 X �X� W h.x; x�/ D hx�; xig.
Take an arbitrary .x; x�/ 2 G.S C T /. Then there exist u� 2 S.x/ and v� 2 T .x/

such that x� D u� C v�. By employing once more Proposition 23.3, we obtain

hx�; xi � h.x; x�/ D h�
S�1h

�
T .x

�; x/
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� h�
S .u

�; x/C h�
T .v

�; x/ D hu�; xi C hv�; xi D hx�; xi;
thus the inclusion is proved.

Actually, we have more, namely that

G.S C T / D f.x; x�/ 2 X �X� W h.x; x�/ D hx�; xig: (26.3)

Take an arbitrary .x; x�/ 2 X�X� such that h.x; x�/ D hx�; xi. By Corollary 26.4,
there exist u�; v� 2 X�, u� C v� D x�, such that

h�
S .u

�; x/C h�
T .v

�; x/ D hu�; xi C hv�; xi: (26.4)

The functions hS and hT being representative, by Proposition 23.3, we have
h�
S .u

�; x/ � hu�; xi and h�
T .v

�; x/ � hv�; xi, hence, in view of (26.4), the inequal-
ities above must be fulfilled as equalities. By applying again Proposition 23.3, we
get u� 2 S.x/ and v� 2 T .x/, so x� D u� C v� 2 S.x/C T .x/ D .S C T /.x/ and
(26.3) is fulfilled.

Suppose now thatX is a reflexive Banach space. Since the weak closure of a con-
vex set is exactly the strong closure of the same set, the regularity condition becomes
the condition .RC SCT / given in the previous section. We give in the following a
different proof of the fact that S C T is maximal monotone.

As hS and hT are representative functions we have hS�2hT � c. The duality
product is continuous in the strong topology on X � X�, so it follows clk
k�k
k�

.hS�2hT / � c. Therefore, h�> D clk
k�k
k�
.hS�2hT / � c. The conclusion

follows now by combining Theorem 23.5 with relation (26.3). �

We state now the result for the enlargements of S C T we announced at the
beginning of the section (cf. [15]).

Theorem 26.6. Let S; T W X ⇒ X� be maximal monotone operators with repre-
sentative functions hS and hT , respectively, such that PrX .domhS /\PrX .domhT /
¤ ; and consider again h W X � X� ! R, h D .hS�2hT /

�>. Then the following
statements are equivalent:

(i) f.a� C b�; u��; v��; r/ W h�
S .a

�; u��/C h�
T .b

�; v��/ � rg is closed regarding
the setX���X2 �R in .X�; !.X�; X//�.X��; !.X��; X�//�.X��; !.X��;
X�// � R;

(ii) .S C T /"
h
.x/ D S

"1;"2�0
"1C"2D"

�

S
"1

h�

S

.x/C T
"2

h�

T

.x/
	

for all " � 0 and x 2 X ,

where .S C T /"
h
.x/ WD fx� 2 X� W h.x; x�/ � "C hx�; xig for every x 2 X and

" � 0.

Proof. Before proving the equivalence, we want to notice that, in view of Theo-
rem 26.5, when (i) is fulfilled, then h is a representative function of the operator
S C T , hence the notation .S C T /"

h
.x/ WD fx� 2 X� W h.x; x�/ � " C hx�; xig
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is justified. As we show in the following, when condition (ii) is true, then (i) is also
fulfilled, thus also in this case the use of this notation makes sense.

Suppose now that (i) is fulfilled and take x 2 X and " � 0. We show first the
inclusion

[

"1;"2�0
"1C"2D"

�

S
"1

h�

S

.x/C T
"2

h�

T

.x/
	

� .S C T /"h.x/: (26.5)

Indeed, take "1; "2 � 0, "1C"2 D ", u� 2 S"1

h�

S

.x/ and v� 2 T "2

h�

T

.x/. Then h.x; u�C
v�/ D .hS�2hT /

�.u� Cv�; x/ � h�
S�1h

�
T .u

� Cv�; x/ � h�
S .u

�; x/Ch�
T .v

�; x/ �
"1C hu�; xi C "2C hv�; xi D "C hu� C v�; xi, hence u� C v� 2 .S CT /"

h
.x/, that

is, the inclusion (26.5) is true. Let us mention that this inclusion is always fulfilled,
as there is no need of (i) to prove it.

However, for the opposite inclusion we use condition (i). Take x� 2 .SCT /"
h
.x/

or, equivalently, .hS�2hT /
�.x�; x/ � " C hx�; xi. By Corollary 26.4, we get

h�
S�1h

�
T .x

�; x/ � "Chx�; xi and the infimum in the definition of h�
S�1h

�
T .x

�; x/
is attained. Hence there exist u�; v� 2 X� such that u� C v� D x� and

h�
S .u

�; x/C h�
T .v

�; x/ � "C hu�; xi C hv�; xi: (26.6)

Take "1 WD h�
S .u

�; x/�hu�; xi and "2 WD "�"1. By (26.6) and Proposition 23.3 we
get "1 � 0 and "2 � h�

T .v
�; x/ � hv�; xi � 0. Thus u� 2 S"1

h�

S

.x/ and v� 2 T "2

h�

T

.x/,

that is
x� D u� C v� 2

[

"1;"2�0
"1C"2D"

�

S
"1

h�

S

.x/C T
"2

h�

T

.x/
	

;

so (ii) is fulfilled.
Conversely, assume that (ii) is true. We prove first

h.x; x�/ � hx�; xi 8.x; x�/ 2 X �X�: (26.7)

We suppose that there exists .x0; x�
0 / 2 X �X� such that h.x0; x�

0 / � hx�
0 ; x0i. By

using (ii) for " WD 0we obtain x�
0 2 .SCT /0

h
.x0/ D S0

h�

S

.x0/CT 0h�

T

.x0/ D S.x0/C
T .x0/. Hence there exist u�

0 2 S.x0/ and v�
0 2 T .x0/ such that x�

0 D u�
0Cv�

0 . From
Proposition 23.3, we obtain hS .x0; u�

0/ D hu�
0; x0i and hT .x0; v�

0/ D hv�
0; x0i and

further

h.x0; x
�
0 / D sup

x2X;u�;v�2X�

fhx�
0 ; xi C hu�; x0i C hv�; x0i � hS .x; u

�/ � hT .x; v�/g

� hx�
0 ; x0i C hu�

0; x0i C hv�
0; x0i � hS .x0; u�

0/ � hT .x0; v�
0/ D hx�

0 ; x0i;
thus (26.7) is fulfilled.

In view of Corollary 26.4, it is sufficient to show that h.x; x�/ D h�
S�1h

�
T .x

�; x/
and h�

S�1h
�
T is exact at .x�; x/ for all .x�; x/ 2 X��X . Take an arbitrary .x�; x/ 2

X� �X . The inequality
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h.x; x�/ � .h�
S�1h

�
T /.x

�; x/ (26.8)

is always true. When h.x; x�/ D C1, there is nothing to be proved. The condition
PrX .domhS /\PrX .domhT / ¤ ; ensures that h.x; x�/ > �1, so we may suppose
that h.x; x�/ 2 R. Let us denote by r WD h.x; x�/. We have h.x; x�/ D hx�; xi C
.r � hx�; xi/. With " WD r � hx�; xi � 0 (cf. (26.7)) we obtain that x� 2 .S C
T /"

h
.x/. Since (ii) is true, there exist "1; "2 � 0, "1 C "2 D " and u� 2 S"1

h�

S

.x/ and

v� 2 T "2

h�

T

.x/, respectively, such that x� D u� C v�. Further, adding the inequalities

h�
S .u

�; x/ � "1 C hu�; xi

and
h�
T .v

�; x/ � "2 C hv�; xi
we obtain

h�
S .u

�; x/C h�
T .v

�; x/ � "1 C "2 C hu� C v�; xi D r D h.x; x�/;

hence, in view of (26.8) we get h.x; x�/ D h�
S .u

�; x/Ch�
T .v

�; x/D h�
S�1h

�
2.x

�; x/
and the proof is complete. �

Remark 26.7. Due to Remark 26.3 and 26.6, one has that all the generalized interior
point regularity conditions provided in Remark 25.5 for the maximal monotonicity
of S C T are sufficient conditions for having

.S C T /"h.x/ D
[

"1;"2�0
"1C"2D"

�

S
"1

h�

S

.x/C T
"2

h�

T

.x/
	

8" � 0 8x 2 X:

That these conditions are only sufficient for this relation, can be seen by consid-
ering the operators S and T and the representative functions hS and hT from
Example 25.6.

In the following, we show that the equivalence proved in Theorem 7.9 in sep-
arated locally convex spaces follows when X is a Banach space as a particular
instance of Theorem 26.6.

Corollary 26.8. Let f; g W X ! R be proper, convex and lower semicontinuous
functions such that domf \ domg ¤ ;. The following statements are equivalent:

(i) epi f � C epig� is closed in .X�; !.X�; X// � R;
(ii) @".f C g/.x/ D S

"1;"2�0
"1C"2D"

�

@"1
f .x/C @"2

g.x/
�

for all " � 0 and x 2 X .

Proof. Consider the functions h1; h2 W X �X� ! R, h1.x; x�/ D f .x/C f �.x�/
and h2.x; x�/ D g.x/Cg�.x�/ for all .x; x�/ 2 X �X�. We have h�

1.x
�; x��/ D

f ��.x��/ C f �.x�/ and h�
2.x

�; x��/ D g��.x��/ C g�.x�/ for all .x�; x��/ 2
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X� � X��. Further, .h1�2h2/
�.x�; x/ D .h�

1�1h
�
2/.x

�; x/ and h�
1�1h

�
2 is exact

at .x�; x/ for all .x�; x/ 2 X� � X is fulfilled if and only if .f C g/� D f ��g�
and f ��g� is exact. Therefore, by Theorem 7.7, the condition epif � C epig� is
closed in .X�; !.X�; X// � R is nothing else than condition (i) in Corollary 26.4.
This is further equivalent to

f.a� C b�; u��; v��; r/ W h�

1 .a
�; u��/C h�

2 .b
�; v��/ � rg is closed regarding the set

X� ��X2 � R in.X�; !.X�; X// � .X��; !.X��; X�//� .X��; !.X��; X�// �R:

Since h1 and h2 are representative functions of the maximal monotone operators @f
and @g, respectively, we obtain, by Theorem 26.6, that (i) is fulfilled if and only if
for all " � 0 and x 2 X it holds

.@f C @g/"h.x/ D
[

"1;"2�0
"1C"2D"

�

.@f /
"1

h�

1

.x/C .@g/
"2

h�

2

.x/
	

;

where h W X � X� ! R, h.x; x�/ D .h1�2h2/
�.x�; x/ D .f C g/.x/ C .f C

g/�.x�/. Taking into consideration that .@f C @g/"
h
.x/ D fx� 2 X� W .f C

g/.x/C .f Cg/�.x�/ � "C hx�; xig D @".f Cg/.x/ and .@f /"1

h�

1

.x/ D @"1
f .x/,

respectively, .@g/"2

h�

2

.x/ D @"2
g.x/, we get the desired result.

�

Remark 26.9. In reflexive Banach spaces one can deduce the equivalence in Corol-
lary 26.8 also from [53, Theorem 6.9]. On the other hand, following the approach
presented in this section, one can give a similar result to Theorem 26.6 by consider-
ing instead of the sum of two maximal monotone operators the operator SCA�TA,
where X; Y are Banach spaces, S W X ⇒ X� and T W Y ⇒ Y � are maximal
monotone operators and A W X ! Y is a linear continuous operator.
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25. Boţ RI, Grad SM, Wanka G (2007): A general approach for studying duality in multiobjective
optimization. Mathematical Methods of Operations Research (ZOR) 65(3), 417–444
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39. Boţ RI, Wanka G (2006): An alternative formulation for a new closed cone constraint
qualification. Nonlinear Analysis: Theory, Methods & Applications 64(6), 1367–1381
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108. Penot JP, Zălinescu C (2005): Some problems about the representation of monotone operators
by convex functions. The Australian & New Zealand Industrial and Applied Mathematics
Journal 47(1), 1–20

109. Phelps RR (1961): Extreme points of polar convex sets. Proceedings of the American
Mathematical Society 12(2), 291–296

110. Precupanu T (1984): Closedness conditions for the optimality of a family of non-convex
optimization problem. Mathematische Operationsforschung und Statistik Series Optimization
15(3), 339–346
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Bouligand tangent, 119
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conic extension, 129
constraint qualification

basic, 103
closed cone, 55
dual .CQ/, 97
generalized basic, 101
Slater, 24

constraints
cone, 19
geometric, 19

dual
conjugate, 9
Fenchel, 16, 21, 22
Fenchel–Lagrange, 22
Fenchel-type, 15
Lagrange, 20, 22

duality
converse, 91
Fenchel, 26, 122
Fenchel–Lagrange, 27
Lagrange, 25, 127
stable strong, 37
strong, 10
total, 99
weak, 10

duality map, 133
duality product, 9, 133

Farkas–Minkowski condition, 98
locally, 102

Fenchel–Moreau Theorem, 11
function (scalar)

C -increasing, 28
"-subdifferential, 11
affine, 28
biconjugate, 10, 65
conjugate, 9
conjugate with respect to a set, 11
convex, 10
domain, 9
epigraph, 10
indicator, 10
infimal value, 10, 44, 62
proper, 9
subdifferentiable, 11
subdifferential, 11
subgradient, 12
support, 11

function (vector)
C -convex, 20
C -epi closed, 24
C -epigraph, 20
C -lower semicontinuous, 24
C -sequentially lower semicontinuous, 24
convexlike, 127
domain, 20
proper, 20
star C -lower semicontinuous, 24

generalized interiors
algebraic interior, 13
intrinsic core, 13
quasi interior, 116
quasi-relative interior, 116
relative interior, 13, 139
strong quasi-relative interior, 13

hull (function)
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convex, 78
lower semicontinuous, 11

hull (set)
affine, 13
conic, 13
convex, 13
convex conic, 13
linear, 13

infimal convolution, 41
exact, 41

Moreau–Rockafellar formula
classical, 46
generalized, 35

operator
adjoint, 14
coupling function, 134
domain, 133
enlargement, 148
Fitzpatrick function, 134
graph, 133
maximal monotone, 133
monotone, 133
Penot function, 134
projector, 13
range, 17, 133
representative function, 134
set-valued, 133

perturbation
approach, 9
function, 9
variables, 9

point
extreme, 107
support, 107
weak�-extreme, 109

problem
composed convex, 28
constrained, 19
dual, 9

normal, 11
primal, 9
stable, 12
unconstrained, 14

process, 62
closed, 62
convex, 62

regularity condition, 12, see constraint
qualification

Attouch–Brézis, 16
closedness-type, 37, 39, 42, 45, 47, 49, 59,

60, 87–89, 91, 93, 95
generalized interior point, 12, 14–16, 18,

25, 27, 28, 31, 32

set
"-normal, 12
closed regarding a set, 56, 106
closure, 10
interior, 10

solution
"-optimal, 12
optimal, 12

space
bidual, 65, 79
generalized finite sequences, 74
locally convex, 9
normed, 65
partially ordered, 19
topological dual, 9

strong conical hull intersection property, 49

topology
Mackey, 78
natural, 35
strong, 65
uniform convergence, 78
weak, 65
weak�, 9

totally Fenchel unstable functions, 105, 112

Young–Fenchel inequality, 9
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